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The idea of a Kinetic Theory of Gases originated with 
J. Bernonilli aboat the middle of the last centnry, but the 
first establishment of the theory on a scientific basis is dae 
to Professor Claosius. 

During the last few years the theory has been greatly 
developed by many physicists, especially by Professor 
Clerk Maxwell in England and Professor Clausius and 
Dr. Ludwig Boltzmann on the Continent ; and although 
still beset by formidable difiSculties, it has succeeded in 
explaining most of the established laws of gases in so 
remarkable a manner as to render it well worthy of the 
attentive consideration of scientific men. 

My object in the following short treatise is to make 
the existing state of the theory more widely known by 
presenting some of the scattered memoirs of the writers 
I have mentioned in a systematic and continuous form, 
in the hope that mathematicians may be induced to turn 
their attention to the theory, and thus assist in removing, 
if possible^ the obstacles which yet remain in the way of 
its complete establishment. 

For the most part I have followed the method of 
treatment adopted by Dr. Ludwig Boltzmann in some 
very interesting memoirs contributed by him to the 

t 
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Transactions of the Imperial Academy of Vienna,* but 
in some cases I have varied this treatment for the sake 
of greater conciseness or greater generality. 

Thus, in place of Dr. L. Boltzmann's conception of a 
molecule as a collection of mutually attracting particles, 
I have substituted the more general conception of a 
material system possessing a given number of degrees of 
freedom, that is to say, a given number of generalised 
coordinates. 

Again, in the deduction of the second law of Thermo- 
dynamics from the results of the Kinetic Theory, I felt 
some difficulty in following Dr. Boltzmann's reasoning, 
and I originally proposed to substitute for it a demon- 
stration of my own, &ee from what appeared to me to 
be the obscurities of Dr. Boltzmann's reasoning, but 
applicable only to the case in which there were no 
intermolecular actions. My friend Mr. S. H. Burbury, 
formerly Fellow of St. John's College, Cambridge, to 
whom I communicated my difficulties^ has invented an 
unexceptionable proof applicable to all cases, which he 
published last January in the London, Edinburgh, and 
Dublin Philosophical Magazine, and with his permission 
I have adopted this proof in the following treatise. 

To Professor Clerk Maxwell I am indebted for much 
kind assistance, and especially for access to some of his 
manuscript notes on this subject, &om which I have taken 
many valuable suggestions. 

H. W. WATSON. 

Bebkswbll Reotobt, Goventbt: 
Sefpt. 17, 1876. 

* Sitzungsberichto der Kaiserlichen Akademie der Wiasemchaften Wien, 
Band 63, 1871, und Band 66, 1872. 
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Much interest has been manifested by physicists during 
the last thirty years in the Kinetic Theory of Gases. 

This interest has been greatly stimulated by^ the 
researches of Maxwell in England and Boltzmann in 
Germany ; but along with a growing conviction of the truth 
of a Kinetic Theory in its general aspect, the particular 
conclusions arrived at by these investigators concerning 
the laws of permanent distribution have been received with 
great distrust ; they have been subjected to hostile criti- 
cism from mathematicians of such eminence that the mere 
weight of their authority must almost be accepted as 
conclusive, were there not room for the contention that 
these criticisms are not really directed against the laws 
themselves, as stated and applied in the Kinetic Theory, 
but against certain aspects of those laws with which the 
theory is not concerned. 

The object of the original edition of this book was, as 
stated in the pre&ce thereto, to set forth in a more 
systematic, and in some cases a more simple form, the 
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demonstrations of these laws contained chiefly in the 
Transactions of the Royal Society of London, the Imperial 
Academy of Vienna, and sundry papers in the Philosophical 
Magazine and other scientific joomals. Boltzmann's 
methods, especially, were closely followed, with occasional 
modifications, the most important of these being the 
sabstitution, in the conception of a molecule, of a material 
system with a determinate number of degrees of freedom, 
for a determinate number of discrete atoms under the 
action of mutual forces. In the present edition the 
ground covered is substantially the same as in the original 
edition, and is limited, as it was in that case, to the 
investigation of the laws of permanent distribution, but 
in much greater detail ; so much so, indeed, as to be liable 
to the charge of undue prolixity, inasmuch as there is 
spread over several propositions of increasing generality 
that which might really have been condensed into the 
single proposition of Art. 14. This more detailed treat- 
ment, however, has been deliberately adopted, partly 
because there is an historical interest in retaining the 
steps by which the theory has actually been developed, but 
mainly to avoid the extreme difficulty on the part of the 
student in following out investigations of the great gener- 
ality required in the single proposition treatment. Even 
to the minds of advanced mathematicians the vagueness 
imparted to the reasoning by the more condensed treat- 
ment has been suggestive of inconclusiveness, while to the 
learner it. presents almost insuperable obstacles. The more 
detailed treatment, with its continual repetitions, has the 
advantage of investing each step of the process with a 
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distinct mechanical meaning, renderiDg the demonstration 
easier to foUow and more convincing when mastered. The 
one essential condition is that the statistical treatment 
should be always kept in view, the slightest attempt to 
impart direction or control being &tal. 

The investigations of the following pages appear to 
point strongly to the conclusion that in a medium con- 
sisting of sets of a very large number of similar consti- 
tuents, called molecules, each molecule being a material 
system with a definite number of degrees of fireedom, and 
all being in irregular and undirected motion, and in a field 
of fixed central forces only, that is, firee from finite distance 
intermolecular forces, the physical properties of the medium 
will be in entire accordance with the accepted laws of ideal 
perfect gases, provided only that either the molecular density 
of the medium or the minimum irreducible volume of each 
molecule be so small that the total molecular volume per 
unit of volume is a small fraction. 

Should there be appreciable finite distance intermolecular 
forces, it is obvious that in one respect the agreement in 
physical properties of the medium and the ideal perfect gas 
cannot be maintained, because there must be work done in 
the former by compression or expansion, but even in such 
a case (see Art. 21) the accordance may remain in the five 
particulars enumerated in Art. 23. And under any circum- 
stances it is true that the rarer the medium the more 
nearly do its properties correspond with those of the ideal 
gas, exactly as we find to be the case in the gases of 
ordinary experience. 

In conclusion, I desire to acknowledge the valuable help 
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most kindly afforded me by friends in the preparation of 
this Edition, among whom I would especially mention 
Mr. S. H. Burbury, M.A., F.R.S., formerly Fellow of 
St. John's College, Cambridge, and Mr. G. H. Bryan, 
M.A., Fellow of St. Peter s College, Cambridge, 



H. W. WATSON. 



Bebkswell Reotoby, Covektby, 
June, 1893. 
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The Kinetic Theory of Gases is based upon the concep- 
tion of an infinitely large number of molecules in motion 
in a given space with velocities of all degrees of intensity 
and in all conceivable directions. These molecules, as will 
be explained in the course of the following treatise, may 
sometimes be regarded as smooth spheres, in which case we 
shall only have to consider the motion of translation of the 
centre of mass of each of them, or they may be regarded as 
bodies of any form capable of any number of internal 
vibrations. It is clear that the individual molecules in 
such a system must be continually acting upon each other, 
either in the way of collision, like the mutual impacts of 
elastic spheres, or else in the more gradual way of mutual 
attraction and repulsion ; such actions are called encounters. 

It is easy to see that if encounters take place among a 
great number of molecules, their velocities, even if origin- 
ally equal, will become unequal, for, except under conditions 
which can be only rarely satisfied, two molecules having 
equal velocities before their encounter will have unequal 
velocities after such encounter. Now, as long as we 
have to deal with only two molecules, and have all the 
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data of an encounter given us, we can calculate the result 
of their mutual action ; but when we have to deal with 
millions of molecules, each of which has millions of 
encounters in a second, the complexity of the problem 
seems to shut out all hope of a legitimate solution. 

We are obliged therefore to abandon the strictly kinetic 
method and to adopt the statistical method. 

According to the strict kinetic or historical method as 
applied to the case before us, we follow the whole course of 
every individual molecule. We arrange our symbols so as 
to be able to identify every molecule throughout its motion, 
and the complete solution of the problem would enable us 
to determine at any given instant the position and motion 
of any given molecule from a knowledge of the positions 
and motions of all the molecules in their initial state. 

According to the statistical method, the state of the 
system at any instant is ascertained by distributing the 
molecules into groups, the definition of each group being 
founded on some variable property of the molecules. Each 
individual molecule is sometimes in one of these groups and 
sometimes in another, but we make no attempt to follow 
it ; we simply take account of the number of molecules 
which at a given instant belong to each group. 

Thus we may consider as a group those molecules which 
at a given instant lie within a given region of space. 
Molecules may pass into or out of this region, but we 
confine our attention to the increase or diminution of the 
number of molecules within it. Just as the population of 
a watering-place, considered as a mere number, varies in 
the same way whether its visitors return to it season after 
season, or whether the annual gathering consists each year 
of fresh individuals. Or we may form our group out of 
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those molecules which at a given instant have velocities 
Ijdng within given limits. When a molecule has an 
encounter and changes its velocity, it passes out of one of 
these groups and enters another ; but as other molecules 
are also changing their velocities, the number of molecules 
in each group varies little from a certain average value. 

We thus meet with a new kind of regularity, the 
regularity of averages, a regularity which, when we are 
dealing with millions of millions of individuals, is so 
unvarying that we are almost in danger of confounding it 
with absolute uniformity. 

Laplace, in his Theory of Probability, has given many 
examples of this kind of statistiod regularity, and ha^ 
shown how this regularity is consistent ?riith the utmost 
irregularity among the individual instances which are 
enumerated in making up the results.* 

These observations must be borne in mind in interpreting 
the definitions laid down and the results arrived at in the 
Kinetic Theory of Gases. 

Thus, to refer to the illustrations already given, we shall 
prove that the number of molecules lying within a certain 
region of space, or the number of molecules having their 
velocities within certain limits differing by some finite 
quantity, is in each case a number bearing some finite ratio 
to the total number of molecules in the mass under con- 
sideration, and therefore infinitely large. But these results 
are to be interpreted as average results. We do not assert 
by them, nor are we capable of proving, that at any given 
instant there is one single molecule satisfying either of 
the required conditions, that is, comprised within either 
of the contemplated groups. 

* MS. notes by Professor Clerk Maxwell. 
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So, again, the density of the region in the neighbour- 
hood of any point is defined as the limit of the quotient 
of the number representing the aggregate masses of the 
molecules within any volume containing the point, to the 
number representing that volume, when the volume is 
indefinitely diminished. In interpreting this definition 
two things must be remembered. In the first place, 
according to what has been said just now, we do not assert 
and cannot prove that there is, as a matter of fact, any 
particular number of molecules within the volume contain- 
ing the given point, at any given instant; and in the 
second place, supposing we could prove that the number of 
molecules within the volume was thus accurately deter- 
mined, yet even so there could be no point within the 
region at which the actual density of the matter had the 
value determined by our definition ; for if the point were 
within a molecule the actual density would be much 
greater, and if it were not within a molecule the density 
would be zero. 
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Abt. 1 .] a very great number of smooth elastic spheres, 
equal in every respect, are in motion within a region of space 
of given volume, and therefore occasionally impinge upon 
each other with various degrees of relative velocity and 
in various directions. The space is so large in proportion 
to the sum of the volumes of the spheres that the average 
time during which any one sphere is moving free from 
contact with any other is infinitely greater than the 
average time during which it is in collision with some 
other sphere*. Required to find the law according to 
which the velocities must be distributed in order that such 
distribution may be permanent 

Let N be the total number of spheres, and let 

X («^, t?, w) du dv dw 

be the number of spheres whose component velocities 
parallel to the axes are intermediate between 

a^andt^ + ^tf, randt7+^t7, toBJuSLW-^dv) 

respectively. 

* In the mathematical conception of a collision as an absolutely instan- 
taneous phenomenon the proviso in the text is of course superfluous. An 
actual physical collision must take some time, however short, and the 
object of the proviso is to exclude the possibility, or rather to diminish 
indefinitely the probability, of the occurrence of cases in which the 
eoUinon of one sphere with a second is not concluded before that with 
a third commences. 

B 
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If we change the variables and make c the resultant 
velocity, B the inclination of c to the axis of z^ and <t> 
that of the plane of cz to the plane of xz^ the expression 
given above will become 

X («^, f , w) c^ sin OdOdif} dc. 

Let a spherical surface of radius unity be described round 
the origin as centre, and let us write da- for the element 
siTi0d0d(l> on this spherical surface^ then the last written 
expression becomes 

x{i^,v,w)€^dcda. 

Since for the same magnitude of the resultant velocity 
all directions must be equally probable, it follows that the 
coeflBcient of dcda in this expression must be a function of 
the resultant velocity c only, and therefore tbe number 
of spheres having component velocities between u and 
u-^-du, V and v-^dvy w and w-^dw must be 

\/f [c) du dv dw. 

It is required, now, to find the form of yjf in order 
that the value of this expression may be unaffected by 
collisions. 

We assume that in the permanent state the distribution 
of the spheres throughout the space occupied by them 
is homogeneous in all respects ; that is to say, on an 
average of any long time there are the same number 
of spheres in a given volume wherever that volume may be 
situated, and the law of distribution of velocities is the 
same throughout that volume as in the whole region under 
consideration. 

Hence the number of pairs of spheres having component 
velocities between 

Ui and u^ + du^y Vi and v^ + rft;^, w-^ and w^ + dto^ 

for the one, and 



medium of equal spheres, — No forces. 3 

for the other, and such that the lengths of the projections 
of their line of centres upon the axes are between 

X BxAm-^-dm^ y B,nd y + dy, ZMLdz-^-dz, 

must be proportional to 

^{c^\lf{c^duidvidia-^du^dv2dw2dxdydz, . . (A) 

where ^^ &^d c^ are the resultant velocities. 

Since the coefficient of dxdydz is independent of x^ y, z, 
it follows that the number of pairs having their velocities 
between the above-mentioned limits and the projections 
of their line of centres between x and x-^-dx, and dy, 
and dz must be also represented by (A). 

If dy and dz be infinitesimal in comparison with the 
diameter of any sphere, the lines of centres are parallel 
to the axis of x and the velocity of approach of these 
centres is u^—u^. 

If ^ be the sum of the radii of any two of the spheres, 
or, what is the same thing in this case, the diameter 
of any one of them, then it follows that any pair of spheres 
liaving the x component of their line of centres less than 
i-^-i^-^u^dtYnSl encounter each other in the time dt\ 
maldng therefore 

X =z d and dx = («i— ^a) dt, 

it will follow that the number of collisions in time dt 
of pairs of spheres with their lines of centres parallel to x 
and velocities between the above limits is proportional to 

^ (^1) ^ (^2) rf«^i • • • ^^2^y ^^ («i — ^^2) *• • • (^) 

After collision let the different quantities involved in (B) 
become <?/, ^g'* «/, &c., while x, y, and z^ dy and dz remain 
of course unchanged. ^ 

B 2 
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It follows therefore that if the values of these velocities 
and component velocities had originally been within the 
limits indicated by the accented letters with reversed signs, 
the spheres would, after collision, have passed into the 
original state as indicated by the unaccented letters. Call 
these states H and F respectively. For permanence of 
distribution therefore it is sufficient that the number 
of collisions of pairs of spheres in state B during the time 
dt should be equal to the number of collisions of pairs in 
the state ^during the same time ; and therefore that 

>/r (e?i) ^ [c,^ du^.., dw^ dy dz («*i— ^^2) 

= ^ ((?/) ^ (cgO ^^/« • • ^^2' ^y^^ (V ~" V)* 

Now «^'= «^2> •*• du^-=- du2, 

dulr=. dui^ 

dvi = rfe;/, 

dv^ = dv./, 

dw^ = du)i^ 

dw^ =z dw^. 
Hence 

du^...dw^dydz{u^—u^ = du(.^^dw^ dydz{u^--u{)\ 

and c^ + c^ = c{^ + c{\ 

This functional equation may be integrated as follows. 
Let it be expressed in the form 

and for c^ and c.^ write x and x\ and for e{^ and c^^ write 
y and / ; then we have 

x(a?)x(a^) = x(y)xO')> 

where ^+^ = J'+^; 



<= 


«2. 


<= 


«i, 


«! = 


<. 


%= 


V. 


W = 


<. 


«'a = 


<, 
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••• X H X (a^) = X W X (« + a^-J') ; 
therefore differentiating with respect to x and af, 

X' («) X (aO = X (y) x' (« + a^ - J') ; 
"id X (») X' (aO = X (y) x' (ar+ar'-y) ; 

. X>)_X>0. 
•■ x(a')"xK)' 

y/U) 

that is, , ; = constant : 

/. y\f {c) = 4<?-*^\ 

Now the axis of x may be taken in any direction. 
Whence it follows that this form of ^ will ensure the 
permanence of distribution for all possible collisions. 

Therefore the number of spheres with component veloci- 
ties between f^ and ?/+ £?i^, t;andr + ^r, w 2iXiAw'\'dw 

is Ae^^ du dv dw, 

or Aer^c^ dcd(r^ 

employing the notation used above. 

Integrating with respect U> da from to 411, we find for 
the number of spheres with velocities between c and c + dc 
the expression 

4 TT Ae"^^ c^ dc. 

Again, since the number with component velocities 
between 

u and u + du^ v and v+dv, w and to-^-dw 

is Ae-^ i^+t^+ui^ ^^ ^^ j^^ 

or 4/^^-*«" du ^Ae^^ dv ^Ae"^ die, 
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it follows that the number of spheres having velocities 
intermediate between u and u-^-du parallel to any fixed 
line is 

Ae-^^duC er^"^ dv f"^ er^"^ dw \ 

that is Ac^^^du-jA 

where A may be determined by the equation 

and therefore A = — j-y 

that is to say, the number of spheres having velocities 
between c and ^+^ is 

If we multiply this expression by c, integrate the 
product with regard to c from o to oo and divide by N^ we 
find the mean velocity of all the spheres to be 



J^ = JV; 



VwA 



And, similarly, multiplying by c^ instead of c, we find 
the mean square of the velocities to be 

and this is greater than the square of the mean velocity, as 
it ought to be. 
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2.] Before we proceed further it will be useftil to make 
a formal statement of the method employed in the last 
Article for denoting the velocities of particles or material 
points. 

Instead of drawing straight lines from each particle 
indicating the magnitade and direction of the velocity of 
that particle, we draw all such straight lines for all 
particles from any assumed point taken as the origin. 

This method is very useful when, as in investigations 
like the present, we wish to compare the simultaneous 
velocities of different particles as well as the successive 
velocities of each particle separately. 

We thus obtain a figure every point of which corre- 
sponds to one of our particles, the velocity of that particle 
is represented in magnitude and direction by a line drawn 
from the origin to the corresponding point, and the relative 
velocity of any two particles is also represented by the 
line joining the points corresponding to these two particles. 
If the system have a common velocity, then we must 
suppose the position of the new origin of the diagram 
of velocities with respect to the old origin to be so chosen 
as to represent this velocity. 

In studying the motion of the system it is found conve- 
nient to divide the particles into groups according to 
their velocities, those particles whose velocities lie within 
certain limits with respect to magnitude and direction 
being placed in the same group. 

In the velocity diagram these particles are indicated at 
once by the points which correspond to them being in- 
cluded within a certain small region or elementary volume 
of the diagram, the boundary of this region corresponding 
to the given limits of velocity. 

Thus, in the proposition just now considered, the state E 
might be described as that in which the velocity points 
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are situated within the elementary volume 

du dv dw or e^m!L6 dOhtf^dc 

of the diagram of velocities. 

We may also conveniently make use of the term 
velocity-density to indicat^e the result of dividing the 
number of particles whose velocities lie within the given 
limits by the volume of the corresponding region in the 
diagram of velocities. 

3.] Let the N elastic spheres of the last Article be 
replaced by two sets, one of iV spheres each having mass m, 
and the other of N' spheres each having mass m% and let 
us find the law of distribution of the velocities of the N 
and N^ spheres respectively. 

Exactly as in the first Article, it may be proved that 
the number of the N spheres whose component velocities 
parallel to the axe& are intermediate between 

u and u+d-u, v and v + dv, w and w-\-dw 

respectively must be 

xjf ^c) du dv dw, 

where c^ = ^^ -f v^ + «;* ; 

and that the number of the N^ spheres whose component 
velocities are intermediate between 

tt' and «' + du\ v' and v' + dv\ w' and w' + dw^ 

must be </^i (/) du' dv' dw' ; 

and that the number of collisions in time dt between 
pairs of spheres, one from each set, with lines of centres 
parallel to the axis of x and component velocities between 
the above limits respectively, must be proportional to 

y^(c)y^^{c')dudvdwdu'dv' dw'{u^u')dt. . . (A) 
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If the component yeloeities of these spheres after 
collision be between 

V and U' + dU\ r and F'^dV, W and W'+dW 

respectively, then, by the reasoning employed in the last 
ease, we mnst have 

^f (c) x/fj (<?') dii ... di0^(u-'U^ 

= yHC)ylf^(C')dU...dW'{U'-^V), . (B) 

where T = r, W= w, r'= v\ JF'= uo\ 

M + M 

whence we get mC^ + m'C^= m<? + m'c'^y 

du' du du *d%' " \m^-Jf "*■ (w + ^'f "" ^ ' 
and also 

dr:=zdv, dJr=dw, dT'^dv\ dW=:dw\ 

and dUdU =z du du ( -1-7 —, ; r-r ) =»«^ dn . 

^du du du du ^ 

So that equation (B) reduces to 

V- {c) rj,, (cO = >p (C) rj,, (C), 

where mc^-^- mV^ = mC^ + m'C'K 

A Ainctional equation of which, as before, the solution 
may be shewn to be 

^ (c) -Ae~^^ and t/r^ (<?') = Be'"^'. 
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It must be remembered that h is here a eonstant of 
different dimensions from the h of the former case. 

Since the axis of x may be taken in any direction, 
it follows that these forms of V' ^^^ V^i ^Ul ensure the 
permanence of distribution as &r as collisions between 
spheres of two different sets are concerned, and we have 
already proved that they will ensure that permanence 
so &r as collisions between spheres of the same set are 
concerned ; therefore it follows that the number of the 
N spheres whose component velocities are intermediate 
between 

U2Ji'diU'\-du, t;andt7 + Jt;, w ^limSl w -k- dw 

must be Ae ^ du dv dto, 

where c^ = u^ + v^ -i-tv^; 

and the number of the iV' spheres whose component velo- 
cities are intermediate between 

vf and nf + duf, v' and v' + dv\ vf and «?' + dw' 

must be Be ^ du' dv' dw\ 

where (?' ^ = ^/^ + /^ + w'^ ; 

and it is clear that the same reasoning would hold what- 
ever number of sets of such spheres the space might 
contain. 

Applying the results of the former case, and writing 

mh m'h 

i 

1 % 

instead of ^, we get 

Tji V a '' Ttl ^ '2. ^ 

and so on for any other sets which the region may contain. 
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We also find that the mean velocity of each of the 

iV^ spheres is , 

JL / ^ 

WW Hk' 

and similarly for the remaining sets of spheres. 

Also the mean square of the velocity of each of the 
N spheres is 

2 nih 
and the mean kinetic energy 

3 
TV 

the last result being the same for each set of spheres. 

4.] On the hypothesis of the last Article to find the 
number of pairs of spheres, one being taken from the 
Jl set and the other from the N' set, whose relative 
velocities lie between given limits, and the number of 
collisions in unit of time and unit of volume between 
these sets of spheres. 

Using the results of the last Article, writing -^ for — 
I - km' 

considered to be the unit of volume, we find that the number 
of spheres of the N set which have their component velo- 
cities parallel to x between the limits u and U'\'du\& 

N J^ 

^du; (A) 



and -^ for —^ , and supposing the volume of the region 



a vi 



and that the number of spheres of the N' set which have 
their component velocities parallel to x between the limits 
«+t/^and u+U+dU 18 

.^" fi' dUi . . . . (B) 



^Vv 
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and therefore the number of pairs of spheres fulfilling the 
above-mentioned conditions is 

__- .ew A» I dudU. 
apir 

Integrating with respect to u from —x) to +00 , we 
find for the total number of pairs of spheres whose relative 
velocity parallel to x lies between U and U+dU^ the 
expression ^^, ^ _ ^. 



Va^+fi^ yjli 



e ••+^rft^. . . . . (C) 



Comparing (C) with (A) we see that the distribution of 
relative velocities follows a law of the same form as that of 
absolute velocities, and therefore that the mean relative 
velocity is the square root of the sum of the squares of the 
mean absolute velocities in the two systems, and the mean 
square of the relative velocity is the sum of the mean 
squares of the absolute velocities. 

It follows also of course that the number of pairs of 
spheres, one &om each set, whose relative velocities lie 
between r and r + ^z* is 

or, restoring to a and j8 their values, 

5.] We proceed now to find the number of collisions in 
unit of time and volume between the spheres of the N set 
and those of the N' set. 

Suppose a number N of equal spheres at rest to be 
distributed in any manner throughout a unit of volume, 



Frequency of collisions. 13 

and suppose that another sphere moves among them with 
the velocity r. If a tubular sur&ce be described having 
for axis the path of the centre of this moving sphere, and 
for its radius «, or the sum of the radii of the moving 
sphere and one of the stationary spheres, the volume of the 
surface thus generated in a unit of time by the moving 
sphere will be irr**. Hence the chance of the moving 
sphere colliding with any one of the fixed spheres in a unit 
of time must be irr^, and the number of collisions in unit 
of time between the moving sphere and stationary spheres 
must be Nirr^. 

The same results would hold good if we replaced the 
stationary spheres by spheres moving with a common 
velocity and the moving sphere had a velocity r relative to 
each of them^ that is to say, the chance of collision in unit 
of time between the last-mentioned sphere and any one of 
the former-mentioned spheres would be irrs^. 

Suppose now that there are two sets of JVand N^ spheres 
in the unit of volume, and that the number of pairs of spheres 
(one being taken from each set) whose relative velocities 
are between r and r + dr is nn\ then, if « be the sum of the 
radii of each pair, it will follow that the chance of a 
collision between any pair in unit of time is irrs^, and 
therefore that the total nimiber of collisions in unit of 
volume and unit of time is nnfirr^. 

But we have already seen that nn' is equal to 



iVand N^ being the total number of spheres of each set in 

unit-volume, and o^ and j3^ being written for —7 and — ^ > 

as before. 

Hence the number of collisions in \xx2d^<Ai\xsi<^ A^^^^^f^ 
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pairs of spheres whose relative velocity lies between r and 
r+rfr is 



r, 4Vir 



»« 



Integrating from r = otor=oo,we get 

2NN' V^.V^? + Wi^ 



jyw'y^-f^^^^,.^r3^ «<-+-> rf^. 



or 



V- 



for the number of collisions in unit of time which take 
place in unit of volume between spheres of the N and 
N' sets. 

The number of collisions in the same time and volume 
between spheres of the JV set is therefore 

or .9^\ 

and between spheres of the N^ set the number is 

Also, since the mean velocities in the two systems are 

~— and -—i 

Vis VTt 

it follows that if /^ be the mean distance travelled by 
^ a sphere of the N^ set between each collision with a sphere 



or - — . . 8^ 



Distribution in medium of circular disks. 15 

of its own set and l^ the corresponding mean distance for 
the second set, then 

Y = -nN^ -/a 9^ and j- = -nN^ */% 8^^ 

«i and «2 being diameters of spheres of the two sets. 

Also, if Xj be the mean distance travelled by a sphere of 
the -A^i set without any collision whatever, 

A.J CI 



+ w JV^3 —^^^ + &c. ; 

a 

* where ^9^ is sum of radii of spheres of the iVj and N^ sets, 
with a similar expression for the mean distance travelled by 
a sphere of any other set. 

6.] Let the sets of spheres of the previous cases be 
replaced by sets of perfectly smooth and elastic circular 
disks with their centres of inertia not coincident with their 
centres of figure, in motion within a plane area inclosed by 

^ a perfectly elastic boundary, the number of disks in each 
set being very great. The disks in each set are equal to 
each other in every respect, while those in different sets 
may differ in mass, area, and distance between the centre 
of inertia and the centre of figure. 
Each disk has in this case three degrees of freedom, 

> which may be expressed by the coordinates of the centre of 
figure and the angle between the line joining the centres 
of figure and inertia, and some fixed line, as the axis of x ; 
or perhaps more conveniently by the perpendicular distance 
of the centre of inertia from a line through that of figure 
parallel to the x axis. There are three corresponding 
momenta components measured, for each disk, by the 
tianslational x and y velocities u and v of the centre of 
inertia, and the angular velocity » round an axis perpen- 
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dicular to the disk. In this ease it is clear that any 
assumed distribution of momenta for the disks of each set 
will, in the absence of all collisions, remain undisturbed, it 
is required to investigate the conditions of such permanence 
when there are collisions between two disks of the same or 
different sets. 

Let the expression 

represent the number of the disks of any set with velocity- 
components intermediate between «, u-\-du\ v, v-^-dv; 
0), 0) + d<t) ; and let 

/^(U, r,ii)dUdrda 

be a corresponding expression for any other set ; and let 
us consider the effect of collisions, one at a time, between 
disks of these two sets. 

The number of pairs of such disks with velocity-compo- 
nents, at any instant, between the aforesaid limits is 

As in the case of the spheres we may, without loss 
of generality, confine our attention to pairs whose line 
of centres is parallel to any fixed line, say the axis of 
a?, then if JD and P be the perpendiculars from the centres of 
inertia upon that line of centres, the velocity of approach 
of the points of contact of any pair, about to collide at the 
instant considered, will be 

And therefore the number of collisions in the short time dt 
after the instant considered will be proportional to 

{m^ t/"-.(jOfi>~Pfi)} dt x/i («, t;, a))/2 {U, r, a)dn...da. 
^ After collision let the several velocity-components be 
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represented by the same symbols as before collision with 
dashes affixed, the coordinates remaining unchanged, so 
that the number of pairs of disks which pass from the state 
tt, » + rf«, 12, ii + rfil to the state ?/, u''\-du\..Qf, Qf-^-dQf 
in the time dt will be proportional to 

{u^U^{p(ii-'PQ)]f^{u,v,<ii)f^{Uyr,Q)du...dQ..dt. 

But the number of disks, with any given velocity-com- 
ponents at any instant, is assumed to be the same as the 
number with those velocity-components reversed. Whence 
it follows that the number of pairs of disks which pass from 
the state vf vf ■k-du\..Df il' -{-dOf to the state u, u + du,,.^., 
12 + ^12 in the time dt must be proportional to 

Hence the condition for permanence, so &r as collisions 
between pairs of these two sets, one at a time are con- 
cerned, will be satisfied by the condition that 

{u-u-{j)(o^pa))fi{u,v,i^f,{u,r,w)du...da 

is equal to 
\V'^u''-{Pil'^p<o')}f^{u\vW).f,{U\V',ir)du\..da\ 

Also the relative radial velocity of the points of collision 
before impact must be equal, and of opposite sign, to the 
same relative velocity after impact. 

Therefore u-U-j)o> + Pa = J7'~7/-Pl2'+joa)', 
i.e. f^'+«*-(?7'+?7)-i?(a)'+a>) + P(G'+i2) = 0. 

Also we may prove that the differential products 

du.,,dQ. and du\.,dQf 

are numerically equal. 

For if JR be the measure of the impulse at the colliding 
points, we have the equations 

c 



i8 
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u — 



- -A 
~ m 



V'-U=: 



E 






PR 



MK" 



whence by substitution in the equation 

u' + u-(U'+U)-j){<o'+<o)+P{Q,'+Q.) = o, 
we get 
p_ a(»— Z7— joft)— Pq) _ u—U—p» + PQ, 



2, J_ j^ Pl_ 



J) 



suppose; 



/. a'fer » j^{u—U—p<o + PQ), 

And the functional determinant giving the ratio between 
the differential products, dii'„.dQf and dv,..dQ^ becomes 



I — 



mD' mB' 



mJ)' 



I 
MD' 



I — 



P 



MJ)' 



mi^D' mi^D' 



I — 



MD' 
mPD' 



pP 



MK'D' MK^B' MK*D' 



I — 



MD 

pP 
mk^D 

JO. 



MK^D 
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that is 

I 1 »2 p2 

I :=:; — ^ 



mB MD mlc^B MK^D 

or I — 2 or —I. 
So that the condition sought for is reduced to 

fx («. ». «)/2 {u, r, a) =/, « /, 0.')/. ( u', v, a'). 

leading, as in the two previous cases, to the result 

fj heing the kinetic energy of the di^ of the one set and 
7*2 that of the disk of the second set, h a constant for both 
Bets of disks, and A^^ A^ special constants for each of the 
sets, determined in terms of k by the condition 

* dudv dua = N^y 



v//'-' 



M 



where the integrations are in all cases between the limits 
— 00 and + 00 , and N^ and ^^2 represent the number of 
disks in each of the sets. 

With this law of distribution it follows that the state 
remains permanent so far as collisions between disks of the 
I and 2 sets alone are concerned. 

Similarly it may be proved that the permanence of 
the distribution, with corresponding laws for each separate 
set of disks, would not be affected by collisions between 
pairs of disks, one pair at a time, both selected from any 
one set. Whence a law of distribution ensuring permanence 
of distribution and unaffected by any collisions whatever, 
with only two disks in each collision^ is, that the number of 

c % 
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disks in any set with velocities between m, u + du^ v, t? -f rfr, 
0), 0), o) + ^0) should be 

mA 

Ae * duavdaiy 



Arfre->'*'''''"'\udvdfc 



where 

is eqnal to the number of disks in that set. 

7.] In Articles 1 and 2 we considered the cases in which 
the constituents of the medium consisted either of a very 
great number of smooth elastic spheres, equal to each other 
in every respect, or of sets of such spheres, the mass 
and volume of those of one set not being necessarily the 
same as those of any other set, but the number of spheres 
in each separate set being very great ; and we proved that 
there would be a permanent state, unaffected by collisions, 
provided the number of such constituents whose velocity- 
components 7/, Vy w were intermediate between u and u-^duy 
V and V'\-dv, to and W'{-dw at any instant were given by 

the expression 

Ae~^^dudvdw, 

T being the Kinetic Energy oif the constituent, k a con- 
stant for all the sets of constituents, and A a constant for 
each particular set determined by the equation 

AJ I I e-^'^ du dv dw =zN^ 

N being the total number of constituents in that set. 

In Art. 6 a slightly varied hypothesis as to the con- 
stituents led to a similar result, and it was proved that for 
a medium in which the constituents were sets of smooth 
perfectly elastic circular disks limited to motion in their own 
e, with the centre of figure of each disk not coincident 



^'pertf 
■ii^an 
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with the centre of inertia, there would be permanence, 
provided the numher of constituents of each set, the velocity- 
components of whose centre of inertia («, v) lay between 
u^u + du; Vy v + dv, while the angular velocity lay between 
0) and o) -h doi, were given by the expression 

Ae-^^dudvdony 

T being the Kinetic Energy of each disk, A a general 
constant common to all the sets, and A a special constant 
for each set determined by the equation 



if r r 

J —to *' — OO J — CO 



e-''^^dudvd(0=Ny 



where N is the number of disks of that particular set. 

Before we proceed to the establishment of a general 
proposition, including the particular cases just mentioned, 
it will be necessary to prove the following theorem. 

8.] Let there be any material system whose state is 
defined by the n generalised coordinates ji ...;» and the 
corresponding components of momenta jd^ ••• A> ^^^ 1^^ ^be 
system move in a field of conseiTative forces from the state 
P\*"P%y ?!•••?» ^ the state jo'i...jo'„, j''i..,/^in the time /, 
so that each of the 2n variables p\*^' q\ is a determinate 
Amotion of the aw + i variables JOi .../?«, ;i-««9» and ^, 
then if t be constant, the functional determinant 

dp\ dp\ 



dp^ dq^ 



dqi dq^ 

is numerically equal to unity, or the multiple difierentiala 
dpi.,.dq^ and dj^( ..^dq^ are numerically equal to each 
other. 



J 9 



2Z 
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For if 5 be the Hamiltonian Principal fiinetion of j'l . . . j, 
9^ ••• 9^n ^^^ U ^e have %n equations 

dS dS 

Pi — — :rr ••• A = 






dS 
dg\ 



7 '"Pn- ^^/JT 



, ... (A) 



the differential coefficients being partial. 

Let us in any expression <l>{p\ ... i\)djp\...d^n change 
the variables from p\ ... jo'n /i ••• /« to ji ... qn q\ ... ?'•> 
and we get 

dp\ ... dg\ = A.dq^ ... dg\ 

cPS d^S 



where A = 



/ J 



dq^^dq"^'" dg^dq\ 



d^S 



d^S 



^qi^^n'" dqndq^J 

by the use of the second set of equations (A) (above). 
Similarly we get 

djp^ . . . dq^ = A', dqi . . . dq\ 
d^S d^8 



where A'= 



dq\ dq^*'' dc[^ dq^ 



d^S 



d^S 



= (-i)".A, 



by the use of the first set of equation (A)"*^. 

Whence we get dp^...dq^ numerically equal to dp\...dq\, 

* The original Edition of this book contained a supposed demonstration 
of a proposition analogous to that in the text but the reasoning was 
faUacious. 

In the proposition referred to the initial and final coordinates and 

momenta were supposed to be connected by the condition E (the total 

• energy) constant and not t (the interval of time between the two states) 
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9.] Let there be any nnmber of sets of perfectly smooth 
elastic rigid bodies of any form, henceforth called molecules, 

constant^ and the demonstration was in all respects the same as that in the 
text, with the substitution of the Hamiltonian Characteristic function A 
for the Principal function 5, so that the result took the form 

where (A) and (AQ were the A and A' in the text with A substituted for 
6, and therefore numerically equal to each otiier ; and so fxr the demon- 
stration was correct, but in fact, in this case, A and A' are each separately 
zero. 

Fot the momenta c(»nponents j>i ... j>n> with which the system must be 
started, in order to pass from the initial position qi...qn to the final 
position q\,,.q^% with a given energy E must be the same for all values of 
9^1 ••• 9^n> provided they be consistent with any configuration whatever 
through which the system passes either before or after reaching the actual 
final configuration, or 

where ^i, ^s) ^ <^c the time variations of ^i, q^^^ &c. in the actual 
motions, with similar equations when j^s, j^s, &c. are substituted for |)|. 

Whence we have 



rfpi d'px 



dpn dpn 



Op. 



dq'i'" dq^^ 

or (A') » o, and similarly (A) » o. 

Whence it follows that if the initial and final states be connected by the 
condition JE constant, we can get no determinate relation between the 
differential products dp^i ... d^^ and dpi ... dq^i, and this conclusion might 
have been anticipated, be(»use from the equations of motion we get a n 
equations among the ai»+i variables p\.,.p^n q^i^-q^ny Pi'-Pn* qi .'^qn 
and t (the time of transit), and we need an additional rdation between 
them to determine each of the a n variables (j/i ... q'n) in terms of 

iPi"'Pn 9i"'9n)- 
But the condition E constant does not supply any such additional relation, 
so that the problem remains indeterminate. The feJlacy just noticed in the 
original edition was first of all pointed out by Boltzmann in a communi- 
cation to the Philosophical Magazine in 1882, when I privately suggested 
to him the substitution of the proposition in the text. In a communication 
to the same magazine in 1891, Lord Rayleigh independenUy advanced a 
similar objection to that of Boltzmann against the original treatment and 
proposed the same amendment. 
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in motion in a region inclosed within a perfectly elastic 
boundary, let, also, the molecules in each set be exactiy 
similar to each other in all respects, while those of different 
sets may differ in any respect, viz. as to shape, volume, 
mass, &c., subject, at least, to the condition that the volume 
of each molecule is infinitely small compared with that of 
the inclosed region, and that the number of molecules 
in each set is very large, then the state of the medium 
so constituted will be permanent and unaffected by collisions 
between two molecules, either of the same or different sets^ 
provided the law of distribution be such that the number 
of molecules of any set whose momenta and coordinates 
are intermediate between /?^ and JOi + ^x...j« and q^+dg^^ 
be of the form 

where m is the' number of degrees of freedom of the 
molecule and therefore lying between 3 and 6 inclusive; 
T is the kinetic energy of the molecule, A a constant 
the same for all sets, and A a special constant for each 
set determined by the condition that 



A I l...e'^^dp^...dq^ 



shall be equal to the number of molecules in the set con- 
sidered, the integrations having taken over all possible 
values of the variables. 

In the first place it is evident that this law of distribu- 
tion will be permanent, in the absence of collisions, because 
in such a case T remains constant for all time for each 
molecule, and so also does the multiple differential 

by the last Article. 

Neither will the distribution be affected by collisions 
between any pair of molecules either of the same or 
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different sets. For, according to this law, the number 
of molecules of any one set with coordinates intermediate 
between ^, and Ji + dq^^ ••• ^m ^^^ 9m "^^9111} ^^^ momenta 
between p^ and jo^ + rf/?, ... p^ and j»^+i/o„», is 

Let us suppose m to have its greatest possible value 6, 
and let ^d $'2) ^s ^ ^^ rectangular coordinates ^, y, z of 
the centre of inertia, and ^4, ^5, q^ be the ordinary Eulenan 
angular coordinates 6^ 0, i/r, determining the orientation of 
the molecule about the centre of inertia, then if % r, to be 
the translational velocity-components of the centre of inertia 
and 0)^, 0)2, 0)3 the angular velocities about the principal 
axes through that point and M the mass of each molecule, 
Pv P2y Pz *^® equal to Mu, Mv, Mw, respectively, and 
PiyP6yJP% are each linear functions of w^, cog, 0)3, so that 
by elimination ot p^.,,p^ the number of molecules of this 
set with coordinates between a?, x + dx ...yj/y xlf + dxjfy and 
translational and angular velocities between UyU + du.., 0)3, 
a)3+rfco3, is by the assumed law 

-^^~*^x(^> ^> ^l^)dx ,..d\lfdu,,,doi)^y 

M 

where r= — {u^'\-v^ + tc^ + i^^ (o^^ + Jk^oy^^-^k^^ w^^}, 

^19 ^2) ^3 being radii of gyration about the principal 
centre of inertia axes. 
Integrating for all values of a; ... >f^ we get 

A^ e^^^du ... dw^ 

for the number of molecules of the set in question with 
velocities intermediate between u, u-^du, ...,0)3, 0)3 + ^/(03, 
T having the same value as before, and A^ being determined 
by the condition 

A^ / / /...tf~*^rf«^.../ia)3=JV, 

where If is the number of molecules in t\ift «efe Vn ^'^'^^StfycL. 



26 Law of permanent distribution in 

This expression is perfectly general and applies to all 
forms of the molecules and all numbers of d^rees of 
freedom ; for example, when they are smooth spheres the ^'s 
are all equal and o)^^ + <«>2^+a>3^ for each sphere is constant, 
so that the law reduees to the statement that 

Ae"^''^ du dv dw 

is the number with translational velocities between u^ u+du, 
i\ V + dv^ w, to + dw, the number of degrees of freedom being 
3 as in Arts* 1 and 3. 

When the molecules are straight bars, one of the i*s 
becomes zero, and the corresponding <a does not affect 
the state of the molecule, and the number of degrees of 
freedom is 5^ and so on. 

By our assumed law of distribution for all the sets, 
the number of pairs of molecules of any two sets, say the d 
and JB sets, which at any instant have their velocities 
between the limits u, U'\-du^.,.(a^^ <a^r\-d(f}Q for the one, and 
U, U+dU, ... 123 and il^ + dil^ for the other, is 

and the rate of collision, per unit time, of these two 
molecules is v, where v is the relative velocity of approach 
of the colliding points, in the direction of the common 
normal at these points, at the instant of collision, so that 
the number of this particular class of collisions, between the 
pairs, in the time dt^ will be 

ABe-^^'^^'^'^^^du...dSl^vdt. . 

After collision let the velocities be denoted by affixing 
dashes to the symbols which denote the respective velocities 
before collision, whence it follows that the number of pairs 
of molecules, given by the last written expression, passes 
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from the state », U'\-du..,Q^y Q.^-^-dQ^ to the state 

in time dt^ by this particular kind of collision. 

It follows by reasoning in all respects similar to that 
employed in the cases already treated that the number 
of molecule pairs passing from the state 

to the state u, u-\-du,,,Q..^^ Q^^ + dQs^ in the same time dt is 

where v is the same function of —«'...— £l\ that v is of 
if...l23 since the coordinates are unchanged by collision, 
i. e. where v is the reversed relative velocity of the colliding 
points in the direction of the common normal. 
But since the elasticity is perfect we have 



v'^v. 



also Tj^^Tb^Tj^^Tb. 

Therefore the condition sufficient for permanence, so £a.r 
as this particular kind of collision between the molecule 
pair is concerned, is reduced to 

But by D'Alembert's principle applied to impulsive 
forces we have the equations 

Aj Ag A12 

where A^ ... Ajg are known functions of the {''s and Q's.* 

* It is easily seen that the condition of collision is 

^(Ji...?*) =0, 

where ^i ... 9« are all the coordinates of the two colliding molecules and £ 

is a fdnotion of these coordinates which cannot become negative, whence it 

di df 
will follow that \t, Aj, &c. are proportional to -3—, 3—, &c. 

dqi aq2 



a8 
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Now V is a linear function of tf »». fig of the form 

and /is the same function of —-«'..., — Xl'a and is equal to 
r, whence to determine R we have the equation 

i.e. %{ti.jU-\ M2^-"+Mia^3) + -^(^iMi + ^2f^2--- + ^i2Mi2)=o« 
Whence we get the 6 equations 

^1 Ml • • . + Aj2 Ml2 



AiMl«*« +^12^12 

Therefore (writing !ii> for Aj/uii + ...+Ai2Mi2) the ratio 
of du\.. dOf to du,..dQ.Q is equal to the determinant 

^iMi _ ^if^2 __ ^iMia 



I — 



^2 Ml 



D ' 



I — 



^2M2 

D 



• • • 



^2^12 



A 2^2 ^ ^lMi2 



i? 



i> 



_ ^1 Ml ^2^2 ^1 j Ml2 

" D 1) ••• i> 



= —I. 



Or the multiple differentials du,.,dQ.Q and du\..dQf^ are 
numerically equal to each other, and the assumed law 
of distribution, if once established, is unaffected by collisions 
between any pair of molecules whatever ; we have seen 
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also that it is maintained in the absence of collisions, and 
it is therefore permanent. 

The number of what is here called Muds of collision 
between any molecule pair is infinitely great ; in the case 
of spheres these kinds of collisions differ from each other 
only in the direction of the common normal to the surfaces 
at the colliding points, in a sphere and an ellipsoid they 
will differ, not only in this circumstance, but also in the 
orientation of the ellipsoid at the instant of collision, 
and in the case of two ellipsoids they may differ in the 
orientation of both ellipsoids, but this variety in the kinds 
of collision does not affect the reasoning in the text. 

10.] In the last Article the problem of collision between 
two molecules has been treated by the assumptions ordinarily 
employed in rigid dynamical problems of collision between 
two perfectly elastic solids of any form, and all that is 
necessary to the validity of the result arrived at, is the fact 
of the independence of the quantities Aj, Ag, &c. of the 
momenta at the instant of collision, without reference 
to the actual value of these X's. By a slight change 
however in the language and conceptions employed, the 
A's may be evaluated and the results arrived at may be 
extended from rigid molecules with a maximum of 6 
degrees of freedom each, to molecules of any form and 
any number of degrees of freedom, as for example a chain 
of r links, in which the number of degrees of freedom 
is ar +3, and other systems. 

For, by Lagrange's equations, if ST be the kinetic energy 
of any system expressed as a quadratic ftmction of the ^'s 
with coefficients functions of the y's, and U be the force 
function, we have 

dt dq dq ~' dq 
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If in such a system there be finite change of velocities, 
or momenta in a very short time t^ without finite change 
of coordinates, in other words a collision, we get by 
integration 

^dq^ ^dq) ""i, dq' 

where ^2—^1= t, since J (-7-) = zero in the limit when 

^2—^1 is infinitely small^ because in the general case 

dT .... 

J- must throughout the mtegration be intermediate between 

two finite quantities (see Routh's Ri^id Dynamics (Art. 372, 
Third Edition, Watson and Burbury's Generalised Coordinates 
(Art. I a), &c.). 
That is to say, 

r' du , n* du 

'^'^'^l ^•••^-^^•=A dq: 

Now collisions, or finite changes of momenta with un- 
changed coordinates, can only be regarded as occurring 
when the system arrives at a configuration determined 
by such a condition as 

4> (?i — 2«) = Oi 

where is a ftmction of the ^'s which cannot change sign, 
or in other words, the system and forces are such that there 
is an infinitely great force resisting such change of sign. 

Now C/, the assumed force function of the forces, 
is a determinate function of the n coordinates 3'i,.««?»f 
and therefore may be expressed as a determinate fonction 

of and n— 1 quantities chosen arbitrarily as <^i, <^2»«'0ii-i> 
and from the last paragraph it follows that if {7 be so 

dJT 

expressed -j- must be infinitely great when ^ = o, and 
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therefore, when 0=o, -;— » ^— &c. muBt be proportional to 

^* ^* krn 
-J— J -= — > etc., 

and therefore we get n equations of the general form 
,_ _n'dU d^_d^ n^dU 
^ ^"'h d<l>' dq" dq Jt, difP 

since ^ is a function of the /s only and independent of 
the ^s. Whence it follows ihat Xj, X^ are proportional to 

-v^, -^, &c., and therefore independent of the p'e. 

By supposing a system made up of two molecules 
of this more general constitution, with m and n degrees of 
freedom, respectively, in the place of the 6 degrees of freedom 
each of the last Article, we get, as in that Article, the 
«+«— I equations 

d<^ dif) d(f> 

^1 dq^ ^?m+n 

the Aj, Aj, &c. being replaced by -7-, -p-, &c 

Also since by our hypothesis there is no change of Kinetic 
Energy, we have the additional equation 

dq % 

dU 
or since by the reasoning above given -j- is sensibly 

equivalent to j-r • -^, we get 
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So that we get the equation 

the equivalent to 1; + 1;'= o of the last Article. 

Whence it follows, by reasoning in all respects the same 
as that of the last Article, with the substitution of m and « 
for 6 and 6 respectively, that the functional determiniiBt 
expressing the ratio of the multiple differentials 

dp^...dp^^^ and dp\ .,. d/^^^ 

is numerically equal to unity, and since <^ measures the 
rapidity of entry into the colliding state it will further 
follow that a law of distribution for each set of molecules 
thus generalised of the form 

Ae~^''^djo^,,,dq^ 

for the number of that set with momenta and coordinates 
between j)-^ and jo, + dp^., . y^ and q^ + dq^ will be permanent 
in the absence of collisions, or in spite of . collisionfi 
between molecules (two at a time), either of the same or 
different sets. 

The expression of the law may also be conveniently 
modified as in the last Article, for since T is an essentially 
positive quadratic function of the /?'s with coefficients 
functions of the y's, it may, by suitable linear transforma- 
tions of the /j's, be expressed in the form 

so that the law of distribution assumes the form 

/(?i ..-?«) «-* <'^'+*«+»^«> dr^... dr^ dq^,.. dq^. 



I 



medium of any constituen/s. — Fixed centre forces. 33 

And then integrating for all values of the ^'s, the law in 
question becomes that the number of molecules of this set 
for which the r's lie between r^ and fi + rfri...r^,and r^^dr^ 

is At"^ ^ <*'^. rfri . . . dr^, 

where h is constant for all sets and 



AjfJ...e-^^(^dr^...dr^ 



is equal to the total number of molecules of this particular 
set.* 

11.] Let there be any number of sets of perfectly smooth 
and perfectly elastic molecules, of any form and any number 
of degrees of fireedom, in motion in a region inclosed within 
a perfectly elastic boundary, as in the last Article, let also 
the inclosed region be a field of forces towards fixed centres 
acting on the molecules, then the state of the medium will 
be permanent in the absence of collisions, and will be 
miaffected by collisions between any two molecules, whether 
of the same or different sets, provided the law of distribution 
be such that the number of molecules in any set with 
momenta components intermediate between Pi and p^ + dp^ 
*..f^ and Pm-^^Pmi <u^d coordinates intermediate between 
Ji and J, + rfji ... qn, and qy.-hdq^ be 

Ae'-'^dp^...dq^, 

* In the treatment in the text the unpulsiYe collision forces have been 
xmrded as ordinary force function forces which become infinite in the 
ei&ding configuration. We may also re^srard the collision under the aspect 
of an impact whose generalised components are J^, /, , &c., where Ii, 1%, 
Ac ace subject to the condition 

C.^ u^ u-ih 

whenever 3— <^i + j— <^j + t^ ^9% *= o, 

leading to the same result, or 

/i : /, &c : : 3? ; ^- &c» 
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m being the number of degrees of freedom of the molecnle, 
E its total eneTgy potential and kinetic, i a constant the 
same for all sets of molecules, and A a constant for eadi 
particular set determined by the condition that 



A 1 1 •'•e-^dpi ...fl^?f 



is equal to the uumber of the molecules in the set con- 
sidered^ the integrations being taken overall possible values 
of the p*s and q&. 

For, in the first place, it is clear that the law is permanent 
in the absence of collisions, inasmuch as the values of E and 
the multiple differential dp^ ••• dq^ are separately constant 
in this case by the law of conservation of mechanical 
energy, and by Art. 8. 

In the next place, such permanence will be unaffected by 
collisions between any two of the molecules, for the reasoning 
of the last Article is in no respect affected by the substitu* 
tion of EtorT; whence the proposition is proved. 

In the previous Articles the position of a molecule did not 
enter into consideration but only the values of the momenta 
components, so that the condition of the molecule was fully 
determined by the limits jo^, Pi^-dp^^ &c. of these com- 
ponents, and these limits for each molecule are clearly inde- 
pendent of those of all the rest. 

It is otherwise however with the coordinates of position 
of the centre of inertia of a molecule, for if the molecular 
volumes be appreciable, these coordinates for any molecule 
will not be independent of those of the rest, unless the sum 
of the molecular volumes in a unit of volume be a very 
small fraction. Since however the disregard of all but 
binary collisions involves the same condition the reasoning 
remains the same as before. 

Again, the condition of interchange of the molecules 
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after collision cannot of coarse be ewaetly satisfied in this 
case, and the reasoning would fail unless the mze of the 
molecules were so small that the potential was sensibly 
unaltered for a distance comparable with the linear dimen-^ 
sions of each molecule, or, at least, unless the variatioii of 
the quantity A x was inappreciable for such distances. 

In all the cases, however, contemplated in this treatise 
the Kinetic Enei^ largely preponderates over the poten-> 
tial, or Adx ^^U be absolutely insensible for such variation 
of X i^ comparison with k(\-^T). 

In dealing with the so-called rigid elastic molecule with 
6 degrees of freedom as a ma«mam we regard it under the 
ordinary conventional aspect of a body whose parts are 
incapable of relative displacement, so that there is no gain 
or loss of potential energy of mutual forces between these 
parts, or, as they may be called, interatomic forces ; but in 
passing to the more general conception of a molecule such 
interatomic forces, with the corresponding variation of 
interatomic potential, must be taken into account.* Their 
presence will not affect the reasoning in the text because 
for any single molecule Ae^^^ will be constant in the inter- 
vals between collisions where B is the total Energy of the 
molecule, and the differential product 

will also be constant by Art. 8, while during collision all 
the coordinates, and therefore also the interatomic potential 
energy, are unchanged. It is to be remembered also that 
no account is taken of other than binary collisions, in other 
words, it is assumed that the chance of three or more mole-* 
cules being in collision simultaneously is infinitely less than 

* For instance, our molecules might be conceived as made up of discrete 
material particles acted on by mutual forces, or as bodies with a certain 
limited number of degrees of freedom between the parts of which there are 
still mutual forces but with a limited number of genendised components of 
force. 

n % 



3<5 



Law of permanent distribution 



that of binary enconnters, necessitating the postulate tacitly 
made in all cases that the sum total of the volmne of the 
molecules in any region is very much less than the yoliune 
of that region. 

12.] Hitherto we have viewed the collisions between our 
elastic molecules under the ordinary conventional aspect, in 
^hich there is an infinitely large force acting for a time 
absolutely insensible, and therefore accompanied by no 
change of the coordinates. The truer view, as already pointed 
out, would be to consider the force called into play by a 
collision as very large but not absolutely infinite, and the 
time of such collision as very small although not absolutely 
evanescent, and such that changes of value of the coor- 
dinates during collision are not absolutely excluded. The 
collision viewed under such an aspect we call an encounter ; 
if the number and size of the molecules be sufficiently 
restricted it may still be true that the chance of a binary 
encounter is infinitely larger than that of a multiple 
encounter, and under such conditions all but binary 
encounters may be neglected. We proceed now to show that 
the tf~*<x+3f) law holds for encounters as well as for collisions. 

If a material system in a field of conservative forces 
having the n generalised coordinates ^i ... j^« and the cor- 
responding momentum components i?i ... ji?» move fix)m the 
.state qi, ii+dqi ...i?n> Pn + ^Pn *o the state 

where the states are connected by the relation y»— J^^ = C 
(any constant), then the Amctional determinant 

dp\ dp\ 



dPx 



••• 



^?«-i 



^^»-l dq\-\ 
dfx '"^?»-i 
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« 

is numerically equal to ^^ where the dot indicates time 

. . ^* 
variation, or which is the same things 

For we know by Art. 8 that if the two states dashed 

and tmdashed be connected by the relation t is constant, 

where t is the interval of time taken to pass fix)m one to 

the other, 

dpi...dq^ = dp\.,.d^^ numerically. 

From the equations of motion we can obtain two equa- 
tions of the form 

where J^ and F are determinate functions. 

Interchauge the variables q^ and t in the multiple 
differential j^ ^^ 

and it becomes 

dpi...dq^^^.dt, 

if 
where p\**.q\ are constant in obtaining -jr* 

But -^ SO obtained is equal to ^«. 

And therefore 

djp-^ . . . dq^ =: dpY • • • iq%^\ q% i^* 

Similarly, expressing /« in terms of ^, we get 

dF 

dPi...d^^=zdp\...d^^^-^, 

dV 

where jt?2 ••• j^n are constant in obtaining -=t, and therefore 

dF_ ., 
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therefore dp\ . . . d^^ = dp\ . , . rfj^n-i ?'n ^^ numerically, 
therefore 

dpi... dq^^ y„ dt ^ dp\. . .dq\-i ^n ^^ nnmerically, 

because the time from Pi,..gn to i^i •••?'»• is the same 
as that from jo'i ... q\ to j»i ... jn with reversed velocities. 
Therefore 

dj)i... dq^^ q^ = djii\ . . . rf j'^-i q\ numerically, 

or jPi '- ^jy-i ^ (^ numerically. * 

* This proposition has been proved by Bbltzmann by the evaluation of 
the functional determinant 



^1 



dpi 



dqn 



djTn 
dqn 



and in a similar way by Burbury. 

An interesting illustration is afforded by a trajectory traversing a dosed 
curve or surfiEhce. 

If one of the two coordinates qi, q^ in the case of a plane trajectory, as 
gg, be the distance of the point from the curve, then it will follow that 

dpi dpi dqi _ ^a 
dp^idp^^dq'i ^% 

For example, if the curve be a cirde and the trajectory be referred to 
polar coordinates r, 0, the centre of the circle being the pole, 

d9 dr 

Then the proposition states that when raf^, the determinant 

dp^i dp\ dp^i 



dpi dpi dqi 

dp^2 ^j dp'2 

dpi dpt dqi 

dq^i dq\ dq'i 



-^ numerically. 



dpx dpi dqi 
A result which may be easily verified for a projectile. 
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In obtaining the ratio of the multiple differentials we 
suppose p\ ... /. to be found in terms of p^ ... q^ and t 
irom the 2n equations of motion 

and then introduce the equation q\ r= jr^ + C, regarding 
both q^ and C as constants, thereby lowering the number 
of independent variables from 2n to 2»— i, and really 
evaluating the ftmctionai determinant 






• • . 



dp\ 



dPi '" ^?— 1 



18.] So far we have proved that when sets of molecules 
are in motion in a region, the molecules in each set having 
any number of degrees of freedom, and all being acted 
on by forces, fixed-central or interatomic, then the law of 
distribution 

Ae" dipj^,.,dq^y 

for any set of molecules, will be unaffected by collisions 
reg^arded as of no sensible duration. 

We may now prove that this permanence will be un- 
affected by encounters between molecules, two at a time, 
whether of the same or of different sets. 

For if the coordinates of one of two molecules with m 
d^^s of freedom be denoted by ^i ... ?« , and those of the 
other with n degrees of freedom be denoted by 



im+l 



... 5Em+n> 



then the condition of an encounter between the two mole- 
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cules may be regarded as defined by an equation among the 
coordinates of the form 

Let <^ be taken for one of the coordinates, say q^^^ of the 
two molecules, then by reasoning exactly as in the previous 
propositions, it will follow that if, in any encounter between 
such a pair of molecules, jo, q pass to p\ q\ the number of 
pairs of molecules passing from the limits p and p+dp, 
q and q-^- dq to /?' and p'-\-dp\ ^ and q' -k-d^ will be 

in any short time dt^ and also that the number passing 
from the limits — ;?' and —{p^-^-dp^ (f and {^-^-dq') to 
p and p-{-dp, q and q-^-dq in. the same time, will be 

And these numbers are equal by the last Article, whence the 
proposition is proved. 

Hence we conclude from this and the previous Articles 
that with the most general conceivable construction of our 
sets of molecules, subject at least to restrictions already 
noticed as to number and size, the law of distribution, 

Ae'-'^^dpi...dq^, 

for each set of molecules, will, when once attained, be a 
permanent law. 

The total energy E is of the form x + ^> where x is the 
potential energy of the molecule in the force field, inclusive 
of interatomic forces, at any instant, with the values which 
the coordinates of that molecule have at that instant, and 
is therefore a known function of the q*a of that molecule^ 
T is the kinetic energy of the molecule, and therefore is 
expressible in the form 
M 
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M being the mass^ tf, v, w the component velocities of the 
centre of inertia of the molecole, and r^.^.r^ linear 
functions of the jd's mth coefficients fiinctions of the 
j's. Hence by simple transformations the number of mole- 
cales of the set under consideration, with variables lying 
between the limits 

may be written in the form 

and integrating for all values of the j's, the total number 
of molecules, of the set in question, with the u...r^ 
variables lying between the limits u^ and t^ + ^f^i..^ ^m> 
^d^M+^M becomes 

Ae « au.,.ar^, 

where i is a constant, the same for all the sets of molecules, 
and ^ is a constant, differing for different sets and satisfy- 
ing, for each set of N molecules, the equation 

AJj...e « "* du...dr^ = N, 

From this it follows that the average value of each of 

the magnitudes > 9 •••, is — ^, and that 

the average value of the total kinetic energy of each 

molecule is — 7 • 
%h 

14.] In the preceding Articles we have proved that the fT^^ 
law of distribution is, subject to certain stated limitations, 
9ufficietU for the permanence of distribution, we now pro- 
ceed to prove, by means of a proposition due to Boltzmann, 
that this law is not only sufficient but also necessary. 
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Let there be any number of sets of molecules circum- 
stanced as in the preceding Articles, and let the distribution 
of the coordinates and momenta of any one of the sets, with 
m degrees of freedom, be such that the number of the 
molecules of that set^ with momenta and coordinates inter- 
mediate between P^ and Pi + dP^ ... Q^, and Qm + ^Qmi ^ 

Also let the corresponding distribution for any other set 
with {n) degrees of freedom be expressed by 

jFand / being any determinate functions. Let also any P' 

and Q', p^ and j' be connected with the corresponding 

P and Q, p and q by the relation that P, Q, jd, q are 

changed into P', Q', p\ ^ respectively by an encounter 

between the two molecules, and for brevity let F{Px ••• Q») 

and F(P'x ••• Q'm) ^ denoted by Z, i^, with corresponding 

meanings for / and f. Then there exists a function PL such 

dH 
that the time variation -r- is always negative, unless the 

j» . • (tz 

condition 

be satisfied for every combination, two and two, of the sets 
of molecules, including pairs of molecules both of the same 
set, that is, including the case 

^•(Pi ... QJ J(i>i ...?„) = i{y^ ... Q'.) F{r\ ... /•). 

In the first place, let us regard the medium as consisting 
of only two sets of molecules with m and n degrees of free- 
dom respectively, and with the distribution laws F and/, 
then the number of encounters per unit of time between 
pairs of molecules, one from each set, with momenta and 
coordinates between P and P+dP^ Q and Q + dQ, p and 
P-hdp, q and q + dq will be 

F-f'dPj^..,dq^i4^, 
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' provided the coordinate q^ be chosen so that ^^ = o is a 
condition of the beginning or end of an encounter, and q^ 
be made equal to o wherever it occurs in /(j^i ••• y«). 
And therefore the expression 

F.fdP^...dq^^^q^ 

* is the number of pairs of molecules, one from each of these 
sets passing from the state P, P + dP ... j, q+dq to the 
state P', P^ + dP^,..q\ q ^-dq per unit of time, when q^ 
is put equal to o in ^ 

k Similarly the number of pairs passing firom the state 
P',P'-\'dP'...q\q''^d^ to the state P,P + rfP,.. j,j + rfj 

^ per unit of time, will be 

when J ^ = o. 

But in such a case^ as proved in Art. 12, we have 

dP^ ... dq^^ q^ = dP"^ ... dq\^^ q\. 

So that the total diminution of the number of the m set 
of molecules in the P, P+rfP...*Q, Q + ^Q state, per unit 
time, arising from collisions with the n set, will be 

dPi ... ^Qn^fff-. {Ff'-rf) dp^ ... dq,^, q^, 
where y, = j^„ = o, that is to say. 



= dP^ ... dq^fj." (FY-Ff) dpi ... dq,_i q,, 

> i =ff... {F'f-Ff) log F. dP^ ... rfj,_i j„ 

ftt and q\ being each equal to zero. 
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By symmetry 

^fj'" i^f'-^f) 1<« -^Z- '^^i - '^^-i j.. 

where y,, = j'^ = o. 
Similarly 

^... ^ log ^rfi"! ... dQ'^+ff... ^ logr^p'i ... '^z. 

is equal to 

ff... {Ff-F'f) \ogrf'dP^ ... d^,_, q\. 

But since the integral //••• jt log^rfP^ ... rfQ^ 

extends over all values of' each P and Q, including each P 
and Q^ it follows that 

//... §'iogzrfPi ... i(2. =yy"... ^ log^ii"! ... i«'«. 

and similarly 

^... ^ log/rfjBi ... rfj, =//.•• -^ log/'*'/! - «^'». 

=JJ... (r/'-F/) logF/dP^... i?,_i.. j. 
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= iff... (F'/'-m log ^, iPi .■• dq^x in, 

where the ang^oment i^f^^f) log -=prp ^^ necessarily 
, n^^ative if not zero. ^ 

Now let H be taken to represent 

+ff"' ^ log fdPi ••• <'?»» 

JET 

and is therefore essentially negative so far as -^ depends 

upon encounters between molecules of the m and n sets, 

unless the quantities Ff and -F'y are equal to each other, 

. . , . , dS . 

in which case ^ is zero. 

If we had taken H equal to 

ff.../iP. Q) {log i-CP, Q)-i} dP, ... rf(2« 

+/y ... Pifi, q) {log i^(jB, ?)- 1 } <^i»i ... dq„, 

dJT 
it would have followed by the same reasoning that -rj 

was negative unless 

F{P, Q) F(f, q) = FiP', q^) F(i/, q'), 

and therefore that -^ must have been negative unless 

F{P, Q) F{j>, q) 
had been equal to 
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so far as encounters between pairs of molecules each of the 
m set were concerned, and similarly for the pairs each of 
the n set. 

And therefore generally, when there are any number (tf 
sets of molecules, if the function E. be written 

for all the forms of F KsAf in the different sets^ the time 

variation -jr will be necessarily negative unless the con- 
dition 

F{P, Q) /(P, ?) = FiP'. «') /(/, ?') . . (A) 
for every binary encounter combination be satisfied ; that is to 

say, the quantity -jr tends to a minimum unless every one 

of these conditions is separately satisfied whenever en* 
counters take place in the medium, or equation (A) repre- 
sents a necessary condition of permanence when encounters 
take place. 

In the absence of encounters each of the ^s must 

separately satisfy the condition -5- = o, because when there 
are no encounters 

F.dP^..,dq^ 

must be independent of the time for each molecule 
separately. 

Sut the differential product 

dP^ ...dQn 

^ is known to be independent of the time, and- therefore / 



> 
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must be 90. Hence, for permanence we must have for the 
determination of each form of F the two conditions 

^(A ...«-) 0) 

independent of the time when no encounters ; 

nPx ... «-)/(/'i ." ?.) = -^(^1 ... «'j /(/i ... ?'.)(») 

when there are encounters. 

Now the only form of F which can be conceived as 
satisfying the first condition is F(E), where F is the total 
energy of the molecule, so that the second condition is 
reduced to 

where Fp^q-^Fp^q = Ft^^qi-^-Fj^^tf^ 
or F^Ae-^f.Q, f-Be-^'^p.^. 

Whence it foUows that the e^^^ law is both sufficient 
and necessary for permanence, provided the system be such 
that every conceivable arrangement is also an attainable 
arrangement. 

If any restraint be introduced, whereby the attainment 
of any of the conceivable arrangements is rendered impos* 
sible, the reasoning of course &ils, if the e^^ arrangement 
should be included in those thus rendered impossible of 
attainment, otherwise the ^~** law must still prevail. 

15.] From the preceding Article we learn that in the case 
of a medium composed of sets of molecules such as we have 
been considering, whatever be the assumed laws of distri* 
bution, among the different sets, at any instant, such laws 
cannot be permanent, unless certain conditions hold amongst 
them, and that, unless these conditions be satisfied, a certain 
function H, dependent upon these assumed laws of distri- 
bution may be found, which is always, under the action 
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of encounters, tending to a minimum, and this minimum 
being attained there is no further tendency to change, 
or the state is permanent. 

The time variation of H^ for any assumed laws of distri- 
bution, consists, as we have seen, in an integral or sum of 
a number of terms of the forms 

a {^/-^riiog^'?., 

where F and f depend upon the assumed laws of distri- 
bution for any given pair of sets with, say, m and n degrees 
of freedom each, q^ is what may be called an encounter 
function for two molecules of that pair, q^ is the time varia- 
tion of q^y and F^ and /' are the values of F and f after 
an encounter. 

In thus determining the time variation -— we have 

limited the investigation to the change in H from en- 
counters only, because we are considering the question of 
permanence with distribution laws F^f, &c., and it is dear, 
ck priori, that only such distribution laws as make each i^and 
y* separately independent of the time need be taken into 
account, for a distribution law which did not give 

F.dP^...dQ^ 

constant would be clearly inadmissible, and we know that 
dPi,,,dQ^ is constant, therefore -Fmust be so. 

Since the ^-function, as thus found for any assumed 
distribution laws, tends under the action of encounters to 
diminish with the time at a rate which may be determined 
as above shown, until the distribution laws have arrived 
at the permanent state, we may find the rate at which the 
medium starting from any assumed distribution laws, differ- 
ing from those of the permanent state, tends to approach 
that state. 
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As a simple illustration, let us consider a mediam like 
that of Art. 6, consisting of a number of circular disks 
equal to each other in all respects, with the centre of 
inertia of each at the distance (c) from the centre of figure, 
c being small in comparison with the radius of a disk ; the 
notation employed will be the same as that of Art. 6, 
except that the masses and radii of gyration of all the disks 
will now be denoted by the same letters. 

In this case we know that the law of distribution in the 
permanent state is 

A^e ^ dudvaoay 

and we will denote this by Fq (w,r,«) dudvdia or FQdudvdw, 
and suppose that at any instant the distribution law is 
Fdudvdany where 

FzziAe ^ 

Let JBJ, and H be the -ff-functions calculated for the 
respective laws, then we know that 

where K is some positive quantity which may be called the 

disturbance, and our object is to find K and -tt • 

Since the total number N of the disks and the total- 
kinetic energy of the medium must be constant, we have 
the following conditions : 

Allje * dudvd(a 

Mho 



= V//' 



» dndvdta — N^ (i) 



£ 



^o Rate of return to permanent distribution 



Ajlje ^ Tdudvdm 

Mkd 



^ ^4fl' " ' ^"''^'*'^*^ ^''^ '^^ ^'^ = ^^' (2) 



k 



M 
where 7 = — (w^ ^ t;^ + l^m^), 

and the bar denotes mean value. 
From these equations we get 

Also 
H^fffF{\ogF'^i)dudvd<a ^JffF\ogFdudvdui--N 

Ho ^JfjFologFodudvdai^N. 

Therefore 

K = ffjF log FdudvdiA -fff^o log i^o dudvdtA. 

But Z=uid ^ "" ''rr^i?-*^!, suppose, 

/. 2^1og-F=.i(?-*^(lo&^-^^i) 

=^.-*^^ (log ^ ->i (r+ /in ^^')) , 

/. 1 1 FlogFdudvdfa 

= JV log.i-J^>ir-^7=l ^^fff^'''^' ^~ dudvdi^, 



after disturbance. 51 

Therefore 

= i\^ log -^ , because from integration it follows that 

^ .•.jr=isriog(i^ 

= Ny — -T-^ + higher powers of (m— i) ( • 

In finding -^ let us, in the first place, confine our atten- 

die 
tion to the part of -tt arising from collisions of disks 

whose lines of centres at the instant of collision are parallel 
to the axis of x. 

If « be the diameter of any disk, U and », V and r, 
12 and o>, the respective component translational and rota- 
tional velocities at the instant of collision, the number 
of the required kinds of collisions per unit of time is 

(U ^ u)%9 (see Art. 5), and therefore the part of -jr 
arising from such collisions is equal to 



- fr...(^/— ^70 \osy^ {U''u)7.9dUdrdadudvd 



^ where the integrations with regard to U and u are to be 
taken from i^ = o to 1^ = 17, and from {7 == o to {7 ^ oo . 
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Also, since in the general expression for -y; we are con- 

sidering all the pairs of disks of which the coordinates of 
one relative to the other are « and any valae of &om 

— - to + - , and in this restricted case only those pairs 

for which these relative coordinates are * and any value of 

Q from o to dQ^ it is clear that we must replace N^ in this 

dQ 
case hy N^ — , i.e. we must replace A^ hy 

mh^k^yi de 

-^^— — ^^— ^^^— • -^— • 

Also F/=A^e ^ a /, 

writing T and t for the total kinetic energies of the disks 

hefore collision, and T' and ^ for the similar quantities after 

collision ; 

P 
where X2'= X2--^j2^( CT-w -./?« + PX2), 

and P and p are perpendiculars from the Centres of InertiA 
of the respective disks upon their line of centres, and there- 
fore are, at least, of the same order of smallness as (c). 
If then c be small we have to a first approximation 

^ - " - i^ ^^-"^' "*'='" + iff (^-*)' 

and therefore, remembering that T + ^ = T' + 1^; and 
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neglecting c^, Ff—Fy is, to the same approxiniation, 
equal to 



=if*^ * » • — (jm— i) (PX2 —/}«)( £/^—«). 



Also iog(jy'«i5/)=^ — (M-i)(PX2-;>a»)(cr-4 

Therefore to the same approximation -37- is equal to 

i.e. to 

where P^ is the mean value of P^ or jd*, and therefore is of 
the same order of smallness as (^. 
The result of the integration is clearly of the form 



Jli Ir^ 
2 ..2 Z ¥ '*' 



where Z is a numerical quantity whose exact value is of no 
importance to the present investigation. 

Therefore the value of this portion of -^^ remembering 
that A^ is here equal to 

Nn^i^fx do 



ir^ w 
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becomes 

C9N^{li-if c^ do 

and the total value of -rr becomes 

dl 

C being a known numerical quantity. 

Since JC = JV ) f- + higher powers of (/ut — 1)> , 

we have, if jm— i be small, 

dK_ 6CN9 ^2 

or K=:K^e''"^' , 

6CNs . Ns 

where a/= — -=r , 1. e. a oc — — • 

I'hat is to say, an initial distribution of this nature, in 
which the mean value of a)^ differs from the mean 

values of or , will reduce to the permanent dis- 

fill/ 
tribution at a proportional rate -j^ • 

If the original distribution had been represented by 
either of the laws 

that is to say, if it had been a distribution in which the 

M M 

mean values of — n^ and — ^ had been different fix)m 
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each other, the value of K would have been the same as 

dK 
before, and the value of -rr would also have been the same 

at 9 

c 
with the omission of the fraction ^ • 

Such a distribution then would, if fi— i were small, be 
represented by a disturbance function which, as in the last 
case^ would have diminished proportionally at the rate — a 

per unit of time, and therefore with the diminution of ~t 

the rate of approach to the state of permanence might con- 
ceivably be infinitely greater with an initial small inequality 
between the mean values of the translation component 
portions of the kinetic energy than it is with an inequality 
between either of these and the rotation component. 
And whether the initial disturbance function be great or 
small we always have its rate of change for a difference in 

if if 

the mean values of — w^ and — '^ greater than that for 

a difference in the mean values of if , and either of the 

2 

former in a ratio comparable with the ratio -^ • 

Mr. Burbuiy and Professor Tait have, in the Transactions 
of the Royal Societies of London and Edinburgh, given 
similar investigations of the rate of subsidence of disturb- 
ance in the case of a medium of two sets of elastic spheres, 
the masses and number of spheres per unit volume of the 
two sets being M^m and JV, » respectively, and the dis- 
turbance consisting in an initial small difference between 
the h constants in the two sets. They have arrived by 
independent treatment at the result 



16 ,T,r \ ^/Mm vs^ 



3 V'lr (if + w)* '/a 
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. * I • 

for the proportional rate of subsidence, where -r is the 

Arithmetic mean of the initial values of the t constants. 

A 

16.] A number of sets of molecules are moving in a 
bounded region, taken as unit of volume, as in Art. 13, the 
masses and number of degrees of freedom of each molecule 
of any set being denoted by M and m and the number of 
molecules in the set by N^ with suffixes attached to these 
letters to distinguish different sets ; it is required to deter* 
mine the action of one portion of the medium upon another, 
or the pressure per unit of surface at any point. 

Since the distributions of the molecules of different sets 
are independent of each other, we will for the present confine 
our attention to the set denoted by Jtf , m^ N, without suffixes. 

Suppose that there are dN molecules of the set con- 
sidered, whose component velocities of translation parallel 
to the axis of x are between u and u + du. 

The number of these molecules which cross the elementary 
area dydz in time dt will be the same as the number of 
the dN molecules whose centres of inertia are situated 
within the elementary parallelepiped dxdydz in which dx 
is equal to udt^ and this number is 

dN.u.dydzdt, 

Each of these molecules carries across with it a mo- 
mentum parallel to the axis of x equal to Mu ; the total 
momentum parallel to the axis of ^ transferred across d^dz 
in the time dt is therefore 

MdNu^dydzdt. 

If u be positive this is positive momentum transferred 
from the negative to the positive side of the plane^x^, and if «* 
be negative this is negative momentum similarly transferred 
from the positive to the negative side of the same plane. 
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In either case the result is that I17 the mere motion of 
these molecules across the area dydz the positive momentum 
parallel to the axis of ^ is diminished by the quantity 
MdNu^dydzdt on the negative side of the plane yzy and 
increased liy the same quantity on the positive side of that 
plane in the time dt. 

Hence the result is the same as a transference of positive 
momentum parallel to the axis of « in time dt across the 

area dydz equal to Mdydzdt 2 v^ dNy that is equal to 



— 00 



dydzdtMNu^ or to dj/dzdtpu^\ • • . (a) 

where p is the density of the N set matter at the point 
^y V'i ^9 Ai^d f? is the mean square of the velocities parallel 
to the axis of x. 

But «* is equal to — , where ^ is the mean square of the 

velocities of the iV set of molecules, and is equal, as we have 

seen, to ^» 
Mh 

Hence there is a transference of positive momentum from 

the negative to the positive side of the plane yz across the 

area dydz in the time dt equal to 

;i J ;i*^ ^ pAydzdt 
pdydzdt — ^ or to — ^yp: — • 

Each separate molecule (whose component velocities of 
translation are u^ t?, and w) carries across the same plane 
momenta parallel to the axis of y and z equal to Mv and 
Mio respectively, so that in the time dt there are carried 
across the elementary area dydz momenta parallel to the 
axes of y and z equal to ^Muvdydzdt and 2Muwdydzdt 
respectively. 
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It is clear firom the symmetrical distribution of the 

velocities that 2 Muv and 2 Muw are each equal to zero. 

Therefore the resultant mutual action of the two portions 
of the medium across the elementary area dydz in the time 

dt is the transference of the momentum pdydzdt — parallel 

to the axis of x across this element from the negative to 
the positive side. 

If this mutual action, or as it is generally called this 
pressure, when referred to unit of surface be denoted by the 
Symbol J5, we get the equation 

pdydzdt = pdydzdt ♦ — ; 
or v^ p 

Since the momenta parallel to y and z remain unaltered, 
it follows that the mutual action or pressure between por- 
tions of the medium separated by any plane is entirely 
normal to that plane. 

Since also the expression for i?, or p — , is independent 

of the direction of the axis of x, it follows that the pressure 
at any point of the medium is the same in all directions. 

If we suppose the contiguous portions of the medium to 
be separated by a material instead of an ideal plane, it will 
clearly be necessary for the maintenance of the equilibrium 
that there should be an action between this plane and the 
adjacent portion of the medium exactly equivalent to the 
transference of momenta estimated above. Hence the 
pressure or force between the plane and medium is normal 
to the plane, and its value per unit of time and surfisu^ is 

— T at any point. And this value remains unaffected by 
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taming^ the plane of separation in any direction about the 
point.* 

When several different sets of molecules are present 
together in the region under consideration, if Pi, P2> ^^* ^^ 
the densities of the matter of the different sets in the 
neighbourhood of the point a?, y, z^ and H Px^ p^^ ^^- ^ 
the pressures at that point, defined as above, of the media 
composed of these different sets, and if Jf^, M^y &c. be the 
masses of the individual molecules of each of the sets, and 
p the total pressure, we shall have 

p=^j+;?2 + &c. = |2^^ 

17.] We may prove that the value of /? as determined 
in the last Article satisfies the necessary condition of 
equilibrium of the medium. 

For consider the elementary parallelopiped dxdydz situated 
in the neighbourhood of the point ;r, y, z. 

The positive momentum of the N set of molecule matter 
within this element parallel to x is, as we have seen, 
increased by the quantity pdydzdt in the time dt by trans- 
ference of matter across the face dydz nearer to the plane 
of yZy or, as we may call it, the left-hand face, and the x 
momentum is in the same time diminished by the quantity 

fin 

(p-^- J- ^^) dydzdt by transference across the right-hand 

^ It is important to distixiguiBh between the velocity of agitation of the 
molecules treated of in the preceding reasoning and that which we are 
accustomed to consider as the velocity of the medium itself. This latter 
vdocity has been defined by Professor Clerk MaxweU as foUows. If we 
determine the motion of the centre of gravity of aU the molecules within a 
very smaU region surrounding a point in a medium, then the velocity of the 
medium within that region is defined as the velocity of the centre of gravity 
of aU the molecules within that region. Should such a velocity exist in 
the medium under consideration, we must suppose that our ideal plane of 
separation moves with the same velocity, and therefore that the number of 
molecules crossing it in any direction is on the average equal to the number 
crossing it in the exactly opposite direction. 
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&ce. On the whole, therefore, the positive x momentum 
within the element is diminished by the quantity 

Oiti 

■J- dydzdxdt in the time dt. 

It is necessary therefore for the permanent state of the 
medium that the impressed force on the N molecule matter 
within the element should produce a resultant momentum! 
equal to the last found quantity, in the time dt^ that is to 
say, we should have 

where X is the mean value of the x force on all the mole- 
cules whose centres of inertia lie within dxdydz. 

Now the number of the N set molecules whose m mo- 
menta and m coordinates lie between 

j»i and Pi-hdp^ ••f Pm *^d Pm'^^Pm* 
q^ and ?i + ^?i ... ?« and qn^+dq^y 

is of the form 

Ae-^^+'^)dj)^...dq^. 

Let the coordinates be the x^ y, z of the centre of inertia 
and ^4 ... 9m) then the whole number whose centre of inertia 
lie within the parallelepiped dxdydz is 

Adxdydz M... e~^^+'''^dpi...dpndq^...dq^j 

and therefore the density p at the point x, y, z is of the 
form 



and 



A L..e~^^+^^dp^...dpndq^,,.dq^^ 



^ is ^hAJj.J^e-^^^^Up,„,dp^dq,...dq^. 
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Since T is equal to 
M 

and is therefore independent of x^ y and Zy 

or ^ is -AJ-^yj •..e-*<x+r>rfj»i...rf/?«rfy2 — ^m 

where X is the mean value of the x force on the molecules 
within dxdydz for all values of the momenta and relative 
coordinates of these molecules. 

Therefore -^ = r=^ -5- = pX 

ax Mh ax 

18.] In the determination of jd in Article 17 we have 
only considered the transference of momentum which would 
have taken place across the plane of separation owing^ to 
the motion of separate molecules ; that is to say, supposing 
one portion of the medium to be separated from the other 
by a material boundary, the value of jd already found is that 
arising from the bombardment of the boundary by the 
separately impinging molecules and assumes that the time 
any one molecule is in collision with any other during 
any measurable interval is so small as to be negligible; 
when this condition is not satisfied, owing either to mole- 
cular density or the minimum irreducible volume of 
separate molecules, a correction is required ; to find this 
we must prove the following propositions due to Clausius. 

When any number of material particles are in motion 
within a limited space so that the particles do not move 
continually further and ftirther from their original positions, 
and provided also that the velocities of each particle do not 
continually increase or decrease, such a system of material 
particles is said to be in stationary motion. 
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If X, Ty Z he the component forces upon any one of a 
system of particles in stationary motion, and x, y, and z be 
the coordinates of such particle referred to any origin and 
axes, and the quantity Jx+Ty + Zz be found for such 
particle, then the mean value of the expression 

during any period of stationary motion of the system, where 
2 represents summation for all the particles, is called the 
Firial of the system. 

When a system of material particles is in stationary 
motion the mean kinetic energy of the system is equal to 
its virial. 

If a be any function of ty 

Let X be the coordinate parallel to the axis of x at the 
time t of that one of the material particles whose mass is 
Jf, and let X be the component force on that particle 
parallel to the same axis, then 

Hence equation (a) gives ns 

M fdx-.^ Xx M d^ ... 

where -W denotes the initial value of -37-^ • 
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Now -T* I ("iT) rf^ and tw irrfl^ are the mean values 
^ Jo ^^^"^ ^ Jo 

If the motion be strictlj periodic and t be taken equal to 
the leng^ of a period or any multiple whatever of that 
length, then the last term on the right-hand side becomes 
zero; and if the motion be not strictly periodic, still 
from its stationary character as above defined, although 

the coefficient of — in the last term does not necessarily 

become zero for all values of t however large, yet its value 
^cannot increase indefinitely, but can only fluctuate within 
certain limits, and therefore by sufficiently increasing the 
value of t the last term on the right-hand side becomes 
inappreciable and may be neglected, so that we obtain, in 
either case, the equation 

and therefore by similar reasoning with respect to y and z, 
7and^, 



f-[(S^(|)'+(S)']=-»<^^^^). 



Jf 



or — '^=i —\{Xx+Yy+Zz); 

and therefore for any system of particles, 

M 



19.] Any number of particles being in motion in a given 
region, to find the pressure referred to unit of sur&ce at a^y 
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point within the medium, supposing the particles to be 
acted on hj fixed-central forces, and mutual forces between 
the particles, any functions of the distance between them, 
and which become infinitely large with the infinite diminu- 
tion of this distance. 

Let be the point in question, and about describe a 
closed surface S of simple continuity, and take for the 
origin of coordinates. 

Kthe mutual action between the adjacent particles within 
and without S be replaced by a force pdS acting normally 
at every element dS, the distribution as to momenta and 
coordinates of the molecules now confined within S will^ on 
the average of any finite time, be the same as in the actual 
case. 

Now by the virial proposition, if JK be the mass and v^ 
the mean square velocity of any particle within S; X^Y^Z 
the components of the moving forces on that particle, and 
x^ y^ z its coordinates, 



the bar denoting mean values. 

The part of the second term arising from pressure forces 
on the surface element dS is 

— \pd8 (x cos a +y cos jS + ^ cos y), 

where a, j3, y are the angles between the axes and the 
normal at dS drawn inwards. 

Therefore if «r be the perpendicular from upon the 
, element dS, the portion of the pressure virial contributed 
by the element dS becomes 

\p'UTd8^ 

and the virial equation becomes, therefore, 
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or if F be the volume included within 5, and dV the ele- 
mentaiy pyramidal volume with base dS and vertex 0, 



If 5, and therefore F, be indefinitely diminished, we get 
for the value of J0 at the point 0, being the value sought, 



p = — + ^Itfr^^o y 

The forces X, Y, Z include all the forces in the field 
except the pressure forces, but since x, y, z become infinitely 
small with the indefinite diminution of 7 it follows that 
all the terms in Xx'\-Yy'\-Zz except those arising from 
infinitely large values of J, Yy Z may be neglected, and 
therefore that the only terms in Xx-^Yy-^Zz to be re- 
tained are those arising from the infinitely large mutual 
forces of the particles within S, 

Now if a?', y, z' and af\ y'\ /' be the coordinates of two 
particles M' and M'\ and if B be the mutual moving force, 
and r the distance between M' and M'\ we have 

r r 

R being positive when repulsive, with corresponding values 
for the other components ; so that 

JV+ ry +^y +XV+ ry+^v 

becomes ~. {(a?''-ic7 + (/'-/)2+ (/'-/)2}, 
or Rvy 

with similar results for all other pairs, and the value of p 
at is therefore given by the equation 

o^ , Rr 
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the 22 denoting summation for every pair of particles 
within V. 

If the particles be replaced by molecules with irreducible 
minimum volume, the equation 

still holds as before, where X, J", Z are the components of 
the resultant force on each molecule, and the molecule is 
replaced by a particle, of equal mass, at its centre of 
inertia, but the direction of the mutual force between two 
molecules does not generally lie accurately in the line joining 
their centres of inertia. Since the dimensions of the mole* 
cules are very small, this deviation is unimportant for a 
pair at any measurable distance from each other, but it is 
otherwise for contiguous or nearly contiguous molecules. 
Hence the substitution of 22 {Rr) for 2 {Xx + J^ + Zz) for 
the molecules within the small volume V is inadmissible, 
except indeed for spherical molecules. 

We must remember also that in passing from material 
particles, or Boskovichian atoms, to molecules such as they 
are generally conceived, namely with an irreducible mini- 
mum volume however small, the indefinite diminution of 
the volume of S is unattainable without destroying the 
hypothesis of many mutually acting molecules being com- 
prised within 8. 

In the case of such molecules, therefore, we may continue 
to use the equation 

DV^ I , Rt 

P = ^— +-«r=o22-^ 

for the determination of jt?, although we cannot give an 
accurate mathematical meaning to the second term in the 
right-hand side ; 2 {Rr) standing for 2 ( Ja?-|- Ty + Zz)."^ 

* This is the same difficulty as that alluded to in the introduction at 
occurring in the definition of density at any point in a medium of moleeqleB 
with irreducible minimum volume. 
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If, for example, as will always be the ease, in any 
medium to which our reasoning is applicable, the irreducible 
minimum volume of a molecule be quite inappreciable in 
comparison with any measurable volume however small, 

then the expression — ^ — - may be regarded as the ratio 

of the Rr products for all pairs of molecules, within a sphere 
about 0, of extremely small measurable radius, to the 
volume of that sphere. 

If our molecules, for instance, were hard elastic spheres, 
each of mass M and radius «, and if N were the number of 
these spheres contained within the small sphere about 0, 
then, remembering that R and r at each encounter are 
Mu and 2* respectively, where u is the relative velocity 
in the line of centres, it follows from the reasoning of 
Art. 5 that, omitting certain finite numerical factors, 
22 (Er) would be 

and therefore Itv^^ — y— would in this case be, with 

similar omission, 

,, NM iV«a 
Ctr^is-y y~^^ 

-o ,, total volume of inclosed spheres 

or pV^.lty^Q y • 

In such a case, therefore, the second term in the value of 
J) vanishes in comparison with the first term, whenever, 
owing either to the smallness of the individual molecules 
or the smallness of the number of such molecules per unit 
of volume in the neighbourhood of the point 0, the total 
minimum irreducible volume of the molecules per unit 
volume near that point is very small, and therefore in eitb 

F a 
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of these cases the value of /? is sensibly reduced to the first 
term, or 

3 

But, on either of the last-mentioned assumptions, the 
e-^ix-^T) \^^ q( distribution has been established for a 
field of fixed central forces, and therefore by Art. 17 the 
necessary condition of equilibrium 

also holds. 

When neither one nor the other of the aforesaid assump- 
tions is satisfied, we get 

pv^ I ,, 22 5r 
which would not satisfy the condition 

if the ^-*Cx+r) la^ held good. 

But, unless either of these assumptions hold, the ^"•*(x+r) 
law has not been established, we conclude therefore that this 
law of distribution is a necessary and sufficient condition of 
permanence for a medium of spherical molecules in a field 
of fixed central forces on either of these assumptions, 
(i) that either the number of molecules in unit volume, 
i.e. the molecule density, is very small ; (2) that the mole- 
cules themselves are so small as to be practically material 
points or Boskovichian atoms. 

So far as these conditions are not fulfilled the ^-*(x+r) 
law must be regarded as approximate, the more correct 
statement of it being possibly of the form 
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where ^ is x + ^i 4> some function, and /a a small function 
of x^ y, Zy whose difference from zero depends upon the 
extent of the departure from the aforesaid conditions. 

The evaluation of 2S {Rr) for spherical molecules in the 
above investigation proceeds on the assumption that the 
distribution is uniform throughout the volume V when F 
is very much diminished. Should the law of distribution 
lead to a very rapid space variation of the density at any 
point in the medium the reasoning is, so far, precarious. 

It may be assumed that the results arrived at for hard 
elastic spherical molecules hold good substantially for mole- 
cules of any shape and constitution whatever. 

20.] Hitherto we have confined our attention to elastic 
molecules moving in a field of central forces, in which, there- 
fore, the potential at every point is a determinate ftinction 
of the coordinates of that point the same for all times. 

In such a case, viewing the problem under the ordinary 
conventional aspect, we say that there are no forces in the 
field except those from fixed centres, and no potential except 
that of the fixed central forces. 

But the truer view would be, as already mentioned 
in Art. 12 above, to regard the molecules as subject to 
mutual forces, in addition to those from fixed centres, 
infinitely great during their action, but acting in each case 
during intervals of time so very small that in any measure- 
able length of time their average potential is absolutely 
inappreciable in comparison with that of the fixed centre 
forces, so that the x of the above-mentioned law at any point 
is still the x at that point of the fixed central forces only. 

The treatment of the problem under this aspect is given 
above in Art. 12, where the collision is replaced by the 
encounter, that is to say, an exceptional action of forces 
between the molecules lasting for a short but not abso- 
lutely evanescent interval of time^ and not inconsistent^ 
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with cliaDges of the coordinates defining the position, but 
still subject to the condition that the chance of any mole- 
cule being in encounter simultaneously with more than one 
other molecule is infinitely small^ and therefore that the 
average potential of such encounter forces during any finite 
interval of time is evanescent. 

Such encounter forces, on the supposition of spherical 

molecules, must clearly be of some such form as . r^, 

where r is the distance between the centres, 8 the sum of 
their radii, and v a very large number, and indeed it is 

under this aspect that the evaluation of the term — = — 

in Article 19 has been performed. 

Now suppose that (the molecules being still for the 
moment regarded as hard elastic spheres) there were mutual 

forces between them of the form — g-, — ^, &c., where 

r is the distance between the centres and the indices of 
r in the denominators are not infinitely great, then the 
potential at any point P of the field would not be a 
determinate function of the position of P, owing to the 
motion of the molecules, but, if a permanent distribution 
were attained, the potential at P of molecules remote from P 
would not be sensibly affected by their motion but would 
be, like that of the fixed central forces, a function of the 
distance only, while the potential of the particles near to P 
would depend upon the shifting positions of these particles 
and would vary from time to time. In fact, if the /m in the 
case of each of these forces were very small, a distance b 
might be conceived; it may be much greater than the 
radius a of each sphere, but yet much smaller than any 
measurable quantity, such that for two spheres whose 
central distance was greater than b the mutual action was 
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absolutely negligible, and the potential at P of the infinitely 
great number of spheres lying outside the sphere of radius 
b described about P would have a value dependent upon 
the permanent distribution but independent of the time, 
while that of the spheres lying within the b sphere would 
vary with the motion of such included spheres ; in point of 
£Eict all the spheres lying within the b sphere would be in 
an encounter with the spheres with centre at P and with 
one another, in a field of practically fixed centre forces 
arising from the given fixed centre forces and the sensibly 
fixed centre forces of the spheres external to the b spheres. 

If the medium density were so small that the chance of 
more than two spheres being simultaneously in such 
encounter was infinitely less than the chance of a binary 
encounter, it would follow from the reasoning of Art. 12 
that the tf-*(x+r) Jaw was a necessary and sufiicient con- 
dition of permanent distribution, where x includes the 
potential of all the given fixed central forces at any point 
and also the given fixed central forces arising from mole- 
cules external to the b sphere about that point. 

If the volume of a sphere of radius - described round 

each spherical molecule and concentric with it were called 
the effective volume of that sphere, the condition as above 
enunciated would obviously be, that the number of spheres 
in unit volume or the effective volume of each sphere must 
be so small that the total of the effective volumes per unit 
of volume was a very small fraction. 

When this condition is satisfied it may be shown, much 

as in the case of the hard elastic spheres, that Uy-^ — ^ 

is insensible compared with - — , provided the additional 

condition of the preponderance of kinetic over potential 
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energy be maintained. The restrictions as to the nnmber 
and masses of the molecules thns introduced wonld necessi- 
tate the part of x> depending upon intermolecular forces^ 
being very small and indeed absolutely evanescent for 
values of A greater than 2 or 3. 

The reasoning may obviously be extended to molecules 
other than spherical and with any number of degrees of 
freedom. In this more general case there may be inter- 
atomic forces whose potential must also be included in the 
application of the g-"*(x+r) Ja^^^ but such forces do not enter 
into the term 22 (5r), or more correctly 2(Xa?+ Yy + Zz), 

21.] If any number of sets of molecules are inclosed in 
a region under the circumstances of the preceding Articles, 
to find the work done by the expansion of the medium, 
uniformly in all directions, i.e. the increase of every linear 
dimension bearing the same ratio to the original length of 
that dimension. 

Suppose that there is in the first place only one set of 
molecules N in number, the mass of each being M and its 
number of degrees of freedom being m^ and suppose that 
the force field is that of given fibted central and inter- 
molecular forces. 

If there are no fixed central forces the pressure /?, at every 
point of the bounding sur&ce, is the same, and the required 
work {dW)\'& equal therefore to pdF. 

Sut in this case, as just now proved, we have 

i?F=i2ift;2 + i2(^), 

supposing each intermolecular force £ to be positive when 
it acts repulsively. 
Therefore 
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bat since linear expansion is ^rd of cubical expansion, we 

, dV dr . . 1. !• • 

nave —^ = — , where r is any linear dimension. 

Therefore, in this case, 

dV 



-ir'T dv'^'^' 

where j4- is the mean value of j^, and to be carefully 

distinguished from -7y- x.* 

If, however, there be external forces, and p therefore 
be not constant over the surface, then we must use the 
equation 

Y,pmd8^ 2Mv^ + l{Xx+ry + Zz). 

If fx be the ratio of the increase of each linear dimension 

to the original length of that dimension, which is constant 

dF 
throughout and equal to — ^, our equation becomes 



2j)yL7ffdS=iiM2Mv^ + 2(XfAX+¥iJLy + Zij,z\ 

dV 
i.e. 2jDiwrf5 = -=.Sifi;2 + 2(Jrfa?+ray + ^rf4 

.^ dV N d^ ,„ 
as before. 

* See also a paper by Mr. S. H. Burbary, F.R.S., published in the Philo- 
sophical Magazine^ January, 1876. 
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The change of potential of interatomic forces is not 

considered in this investigation, so that -j—r refers only 

to the intermolecular forces. 

For there is no necessary connection between molecular 
expansion and contraction and the expansion and contrac- 
tion of the whole volume, and therefore on the average the 
loss and gain of interatomic potential may be regarded as 
balancing each other. 

22.^ A number of sets of molecules are in a given region 
of space under the circumstances of previous Articles, the 
field of force being perfectly unrestricted and including 
interatomic, fixed-central, and intermolecular forces ; then, 
if an increase of Energy equal to d Q be imparted to the 
medium, there exists a function </> such that 

hhQ = h4>, 

or ^ 6 Q is a perfect differential provided the er^^ law hold 
good. 

Suppose, in the first place, that the molecules are all of 
one set, each with m degrees of freedom, and that there are 
N of them. 

When any molecule has its momenta and coordinates 
between p^ and Pi-hdp^.,. q^, ai^d qm-^-^qtm let that mole- 
cule be said to be in the A^ state, and for different cor- 
responding limits of the variables let it be said to be in 
the A^, A^i &c. states respectively. Let the product of the 
differentials of the m momenta in the A^, ^29 ^^* states be 
denoted by ds^, ds^, &c., and let the corresponding products 
for the coordinates be denoted by rfo-j, rf<72> ^^' And let 
also the potential and kinetic energies for these states be 

Then, since the number of molecules of this set in the Ai 
state is proportional to tf""*^i+^i>rf^jrf<r^ with similar ex- 
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pressions for other molecules, it will follow that the chance 
of the first of the JJ molecules in the medium considered 
being in the A^ state in any length of time is also propor- 
tional to ^""*Cxi+ri)rf^jrfo-j with similar expressions for the 
a**^, 3**, &c. molecules being in the states A^^ A^^ &c., 
provided always the total volumes of the N molecales be 
inconsiderable in comparison with the whole volume of the 
<!ontaining region, because if this proviso be not satisfied we 
cannot regard the aforesaid chances as independent. Subject 
therefore to this proviso, it will follow that the chance of the 
N molecules being in the A^^ A^... A^ states respectively 
at any instant will be 

where x *^^ ^ *^ ^^® ^^ Energies, Potential and 
Kinetic^ of all the molecules, di being the product of all the 
momenta differentials dp^^^.dp^N contained in d8^..,d8i,' 
above, and d<T the product of all the coordinate differentials 
in rfo-j ...doTN above, except the 3 JV differentials dx^ ... dzK:^ 
integrating therefore for all the momenta, we have the 
chance that the Nm coordinates are between 

a?j, iFj + ^i ... ZNi zif^-dz^^ 

equal to Pe"^^ dadx^ . . . dz^^ 

where P is a function of all the mN coordinates except the 
3 iV coordinates x-^,,.zn^ and da is the product of these 
remaining (^ — 3) iV" coordinates. 

Hence it follows that the mean value, f\ of any function 
/ of the position of the molecules, will be determined by 
the equation 

/ / / ...fPe-^^dtrdx^ ...dzN 



III ...Pe'^^dadXj^ ... dzjf 
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Suppose now that a small increase of energy dQ is 
imparted to this medium of molecules, then A and F will, in 
general, vary. Let their increments be denoted hy bA and 
5?^ respectively. 

The imparted energy b Q will be equal to 

bT+bx + bW, 

where T, X and JT are the mean values of the kinetic and 
potential energies of the medium and the work done by 
expansion. 

XT •^ b(mN) mN.j^ 

and bJFss -J — fr "^ Ty^^i ^7 ^^ article. 

/. AbQ^^^'^^bA + Ab^ + Ny^A^.bK .(A) 

Now let w = log ( / / / ... Pe'^^da- dx^ ••. dzj^^ > 
then 

Also 
, [[[... -^ Pe'^^ da dx^ ... dzjf 

%br^ -^aIILJ^ bF 

dV 



ill ...Pe-^^dadx^... dzN 

III ... Pe-^^d(rb{dx^...dz2i) 
///... Pe'^^dadXj^ ... dzy 



of Thermodynamics. 77 

where h [dx^ ••« dz^f) is the increase of the differential pro- 
duct arising feom the increase bF o( V. 

hV 

So that h.dx^ = -itt- dx^ , 

1 3^ 1 

and 

h {dxy^ • . , dzjf) = dx.^ . . . dz]f 8 dx-^ + ^^1 . . . dz^ 6 dx2 + &c. 

to 3 iN^ terms 

=. N r=r . dxi . , . dzxr* 

Whence ;^.rfr= _ >i|^5r+iV^. 
Substituting in (A) we have, therefore, 

= a j— — log^ + ^x + log I . . . Pe-^^ d(T dxj^ ...dzA* 

If there be any number of sets of molecules we have, 
since the distribution of each set is independent of the 
distributions of all the rest, 

AbQ=:b2\^^logA'hix'\-logfjJ...Pe-^^d(rdxj^ ..,dzX 

2 denoting summation for all values of m and JV. 

23.] We now proceed to summarise the results at which we 
have arrived, concerning the physical properties of a medium 
of sets of molecules moving about in a region of space very 
much larger than the sum of the irreducible minimum 
volumes of the molecules, and acted on by fixed central 
and interatomic forces only. 

51^ 7?T 
On such a supposition the term ltr=o — ^ — disappears 

from the value p, and there is no work done by or upon any 
of the forces, except fixed central forces, on expansion or 
compression of the medium, and the following physical 
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properties of the mediam have been proved to hold in a 
state of permanent or stationary motion. 

In the first place, we have proved that there is one 
quantity which is the same for every set, namely, the mean 
kinetic energy of translation of each of the molecules^ or 

-^ . Let this quantify be called r. 

In the second place, we have found that the distributions 
of the molecules of each set, both as to momenta and 
position, is independent of the co-existence of the molecules 
of the remaining sets, and is in all the same as if that 
particular set alone existed in the region considered. 

We have also found that if /? be the pressure referred 
to unit of surfiice at any point in the medium on any 
imaginary material surfEice drawn through the point, p the 

density at that point, and therefore -jtj- the molecular 

density, {M being the mass of each molecule of the set 
considered), then 

an equation which expresses these third and fourth properties 
of the medium ; viz.. 

Third, that when the mean kinetic energy of translation 
remains constant the pressures varies directly as the density ; 
and Fourth, when the density remains constant the pressure 
varies as the mean kinetic energy of translation. 

Fifth, we see from the value of p that whenever two 
media composed of sets of different molecules are so related 
that the pressure referred to unit of surface and the mean 
kinetic energy of translation are the same in both media, 
then the molecular densities are also the same in both 
media. 

If now we compare these results with the accepted 
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pTopertdes of an ideal perfect gas at rest, or of a mixture of 
such gases, we know — 

First, that there is one physical property, viz. the tem^ 
peratare, which must be the same for each gas at each point. 

Second, from the law of Dalton, that the pressure and 
density of each gas at every point must be the same as if 
the other gases did not exist, or that each gas acts as a 
vacuum to all the rest. 

Third, from Boyle's law, that so long as the temperature 
remains the same the pressure is proportional to the density. 

Fourth, from Charles's and Gay Lussac's law, that when 
the temperature and density both vary, the pressure varies 
as the absolute temperature and the density conjointly. 

Fifth, from Gay Lussac's law, that when two gases are 
at the same pressure and temperature their atomic densities 
are the same. 

In these five particulars therefore, generally recognised 
as summarising the physical properties of the ideal perfect 
gas, if we replace the terms mean kinetic energy of trans- 
lation and molecule, by absolute temperature and chemical 
atom respectively, the physical properties of the moving 
molecular medium become absolutely identical with those 
of the ideal perfect gas. 

In both cases, also, there is no change of potential energy 
by expansion or contraction, and in both cases the known 
thermodynamical law ^^ 

T 

is established, the term equilibrium in the case of the 
medium being interpreted as stationary motion or per- 
manence of distribution,* 

* The student will find little difficalty in proving the equation 
8Q ^Nhr-i-h I y ^"P) dv+pbv, 
a well-known equation in thermodynamics. 
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The physical laws as ahove stated are generally regarded 
as those of ideal perfect gases, although they are not quite 
accurately satisfied by any gases actually existing. They 
represent only limiting states to which actual gases approach 
more closely as they more nearly correspond to perfect 
gases. 

For example^ there is^ in all actual gases, a slight depar- 
ture from the laws of Soyle and Charles or Gay Lussac, 
and there is also always a slight indication of change of 
potential energy on compression or expansion ; and just so 
in the molecular medium, unless either the molecular 
density N^ or else the irreducible molecular volume were 

SO extremely small as to ensure the vanishing of the -^ — 

term, the ^"'*Cx+r) distribution is not rigorously proved, nor 
the J) = kpT equation established. It would appear there- 
fore that up to this point we are in a position to infer with 
very great confidence that a perfect gas, if such exists, is 
accurately represented by a moving molecular medium in 
the limiting state above indicated, and that all gases are 
represented by a molecular medium nearly approaching to 
that limiting state.* 

24.] There is one physical property, however, in which 
this agreement is not so complete, and this we proceed to 
consider. 

A homogeneous perfect gas being supposed to be con- 
stituted of moving molecules with any given number of 
degrees of freedom, required to find the ratio of the specific 
heat at constant pressure to that at constant volume. 

First suppose that when a small quantity bQ of heat is 

* It appears from Art. 20 tbat the e~^E law of distribution might 
prevail when there are sensible intermolecular forces in the medium, and 
therefore sensible gain or loss of potential Energy on compression or 
expansion. Gases represented by such media would obey the five gaseous 
laws above mentioned, even though their Energy were not entirely Kinetic. 
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imparted to a tinit of mass of the gas the temperature is 
raised from r to T + 8r, the volume remaining constant. 

Since the volume remains unchanged there is no external 
work performed, and therefore the whole of this energy 8Q 
must be accounted for by increase of the total kinetic energy 
and of the potential energy, therefore 

where hr and h\ are the increases of mean total kinetic and 
potential energy respectively of any molecule, and N is the 
number of molecules in the unit of mass. 

We have proved that T^ the mean total kinetic energy 

of a molecule, is equal to — > where m is the number of 

degrees of freedom of the molecule ; 

Next let the volume be allowed to increase so that the 
pressure remains constant, and let h'Q be the heat required 
to raise the unit of mass from t to r + 8r in this case. 

Since external work is performed equal to /?8i? we must 
have in this case 

But we know that »r = — • t, and since p remains 

3 
constant it follows that 

pov = — • OT ; 
3 

G 



S% Comparison of physical properties 

All that we know of -,t is that it must necessarily be 
positive^ and of m that it must be integral and not less 
than 3 ; writing therefore d for 3 -^ in the calculated 
value of the ratio of the specific heats, this becomes 

m-\- e ■\- 2 



m •\-e 



} 



or I + 



m'\-e 



There is one gas* for which the ratio is i| very approxi- 
mately, giving us therefore »^ + d = 3, and thus agreeing 
with the case of elastic spheres, where there are three degrees 
of freedom, determined by the coordinates of the centre, so 
that ««=3 and ^ = o. 

For the majority of observed gases, however, the ratio is 
1*408, giving us 

= .408, 

m-\-e ^ 

and m-\-e ^=. 4«9. 

For a few gases the ratio is 1*3, whence we get 



'% 



m-\-e 

and m + e ^= 6'6. 

And for a few other gases the ratio falls as low as I '26, 
giving us 

m-\-e ■= 8, nearly. 

* Mercury gas, for which the ratio in question has been determined 
at 1.67. 
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One great difficulty in the establishment of the kinetic 
theory of gases is to conceive a molecule so constituted as 
to give a suitable positive and integral value for m in the 
cases we have mentioned, especially for that most general 
case of all in which 

m-\-e=. 4-9. 

There is also a further difficulty arising from the follow- 
ing considerations. 

It is known that the light emitted by heated gas, so 
long as the gas is of no great density, consists of rays of 
one or more definite kinds of refrangibility, so that when 
this light is examined by the spectroscope, the spectrum 
produced consists of one or more bright lines, narrow and 
distinct, the intervening spaces being dark. As the density 
of the gas increases, these bright lines become broader and 
the intervening spaces more luminous, until, as the gas 
becomes very much condensed, a continuous spectrum is 
produced. 

K we conceive our gas to be represented by a number of 
moving molecules, as in the hypothesis now under con- 
sideration^ the motion of translation or agitation of these 
molecules is exceedingly irregular, the intervals between 
successive encounters and the velocities of a molecule during 
successive free paths not being subject to any law. It will 
be different however with the internal motions or vibra- 
tions of each molecule. When there is a long free path 
very many such vibrations may take place in the interval 
between successive encounters. At each encounter the 
whole molecule is roughly shaken. During the free path 
it vibrates according to its own laws, and these vibrations, 
as is the case in every connected system, may be resolved 
into a /lumber of simple vibrations, the law of each of 
which is that of the simple pendulum. At any instant the 

G 2 
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number of molecules in collision is negligible in comparison 
with the whole number of molecules in the region under 
consideration. And therefore at any instant we have a 
collection of a very great number of bodies, all of which may 
be regarded as performing precisely the same set of vibra- 
tions. If these molecules be capable of communicating 
their vibrations to the luminiferous ether, the result will be 
light of one or more definite kinds of refrangibility, pro- 
vided there be any light at all — that is, provided that the 
vibrations be of such a period as to belong to the luminous 
part of the spectrum. As the density of this medium is 
increased, the length of the free path of each molecule is 
diminished, and since each fresh encounter disturbs the 
regularity of the series of vibrations, we must no longer 
regard the whole of the bodies or molecules, but only a 
large majority of them at any instant, as performing the 
same sets of vibrations ; the result therefore will be light 
of one or more definite kinds of refrangibility, with a 
mixture of fainter light of no definite refrangibility, or, 
viewed under the spectroscope, bright lines of light, 
along with a ground of diflftised light forming a continuous 
spectrum.* 

In estimating the difficulty presented by these consider- 
ations in the way of the establishment of the Kinetic 
Theory of Gases, it must be borne in mind that they assume 
a sensibly instantaneoiis return to the permanent state after 
any disturbance of the medium. In that permanent state, 
as we have shewn, there is an equal partition of the average 
kinetic energy among the different degrees of freedom, 

that is to say, the total kinetic energy is — times the 

kinetic energy of agitation, whence in the case of a perfect 

* See Maxwell, * Theory of Heat/ p. 306. 



of medium and perfect gases. 85 

gas, phv or dW=^ — dTy where dT is the total increase 
of kinetic energy; and therefore the ratio of the specific 
heats, or ,^ , becomes, as we have seen, 



dT^dx+—dT dT(i + —) + dx 



dT+dx "■ dT+dx 

m + 2 + e 



or 



m-he 



• • • dv 

where e is written for the small positive quantity j^ or 

33^, because t^ = — .3^- 
aT dT m dr 

But the rate at which the medium tends to the ultimate 
state varies, or may vary, greatly with the nature of the 
disturbance. For example, it has been shewn above, 
Art. 15, that in a medium of plane circular disks, in each 
of which the centre of inertia is at the distance c from the 
centre of figure, an inequality between the mean kinetic 
energy corresponding to the rotation and that correspond- 
ing to either of the translational velocity components 
may, if (? be small, tend to disappear at an infinitely 
slower rate than when the disturbance arose from an 
inequality between the mean kinetic energies correspond- 
ing to the translational velocity componentis themselves. 
Now it is reasonable to believe that the first effect of 
such a disturbance of the medium as an increase of heat, or 
energy, would be shewn in the alteration of the agitation 
energy of the molecules upon which the temperature 
depends, and these molecules may be so constituted that 
the time required before the equal partition of the perma- 
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nent state is reached may be finite or even larg« ; and 
during such time the external work hW ia bearing to 87 
the whole increase of kinetic energy a larger ratio than 

— ; or in other words, the apparent valae of y, the ratio of 

the specific heat as observed daring this interval, would be 
greater than the value 

which it would have if the permanent state were reached 
instantaneously. 

In the case of the problem referred to in Art. 15 Pro- 
fessor Tait finds that the difference of the average energies 
of the two systems of spheres will on certain numerical 
assumptions fall to 'Oi of its original value in ^ x lo"® of a 
second^ these assumptions being reasonable on the hypo- 
thesis of certain gases being represented by a medium com- 
posed of such spheres. 

The principles involved are such as would -lead to a 
similar result in the investigation of the rate at which an 
equality would be arrived at in the average kinetic energies 
corresponding to the three components of agitation of either 
set of spheres. 

Replacing spheres by molecules we may, therefore, con- 
clude that the equalisation of the components of agitation 
energy in a medium of moving molecules representing a 
perfect gas takes place, sensibly at least, instantaneously, 
and it is on the assumption of such instantaneous equalisa- 
tion among these components that the velocity of trans- 
mission of sound waves and other physical properties of the 
medium is found to agree with experimental results, but it 
need not necessarily follow that there is this instantaneous 
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equalisation among the energies corresponding to all the 
degrees of freedom, so that it is not necessarily a fatal 
objection to the theory that a difficulty should exist which 
is based solely upon the assumption of such universal 
instantaneous equalisation. 



THE END. 
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TaU. Edited by R. Morris, LL.D. A New Edition^ with Collations and 
Additional Notest by W. W. Sksat, Litt.D. . . [Extxa fcap. 8vo, af. 6d, 

III. The Prioresses Tale; Sir Thopas ; The Monkes Tale; 

The CUrkes TaU; The Squitres Tale, ^c Edited by W. W. Skbat, LittD. 
Fourth Editum. [Extra fcap. 8vo, 4s. 6d. 

IV. The Tale of the Man of Lawe ; The Pardoneres Tale; 

The Second Nonnes Tale; The Chanouns Yemannes Tale. By the same 
Editor. New Edition, Revised .... [Extra fcap. 8vo, 45. 6d. 

V. Minor Poems, By the same Editor. [Crown 8vo, 10s. 6d. 

VI. The Legend of Good Women. By the same Editor. 

[Crown 8vo, 6s. 

:Lang1a'nd. The Vision of William concerning Piers the Plowman, 
by William Langlano. Edited by W. W. Skbat, Litt.D. Fourth Edition. 

[Extra fcap. 8vo, 45. 6d. 

OainelyxL, Tlie Tale of. Edited by W. W. Sksat, Litt.D. 

[Extra fcap. 8vo, stiff couers^ xs, 6d, 

Wyollife. The New Testament in English, according to the Version 
by John Wycuffk, about a.d. 1380, and Revised by John Pxjrvey, about 
A.O. X388. With Introduction and Glossary by W. W. Skeat, Litt.D. 

[Extra fcap. 8vo, 6s. 



— ^— The Books of Job, Psalms, Proverbs, Ecclesiastes, and the 
Song of Solomon: according to the Wycliffite Version made bv Nicholas dr 
HsRBFORD, about A.D. X381, and Revised by John Purvsy, about a.d. 1388. 
With Introduction and Glossary by W.W.Sksat, LittD. [Extra fcap. 8vo, 3;. td, 

lUnot. The Poems of Laurence Minot. Edited, with Introduction 
and Notes, by Joseph Hall, M.A. . . . . [Extra fcap. 8vo, \s. 6d, 

SpeiLser. The Faery Queene, Books I and II. Edited by G. W, 
Kitchin, D.D., with Glossary by A, L. Mayhew, M.A. 

Book I. Tenth Edition, [Extra fcap. 8vo, as. 6d, 

Book II. Sixth Edition, [Extra fcap. 8vo, as, 6d. 

Booker. Ecclesiastical Polity, Book I. Edited by R. W. Church, 
M. A., late Dean of St. Paul's. Second Edition, , . [Extra fcap. 8vo, a;. 

Marlowe and Oreene. Marlowe's Tragical History of Dr. Eaustus, 
and Greene's Honourable History of Friar Bacon tmd Friar Bungay. 
Edited by A. W. Ward, LittD. Third Edition, , , [Crown 8vo, ts, 6d 

Marlowe. Edward II, Edited by O. W. Tancock, M.A. Second 
Edition, [Ex^ fcap. 8va Pei^ eaoert, as, t cloth, 3s. 
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Sliakespeare. Select Plays. Edited by W. G. Clark, M.A., and 

W. Aldis Wkight, D.CL. . . . . [Extra fcap. 8vo, stiff ccvers. 

The Merchant of Venice, xs. Macbeth, xs, 64. 

Richard the Second, u. 6d. HamUi. ax. 

Edited by W. Aldis Wright, D.CX. 

The Tempest, xs. 6d. Coriolanus. «. 6d. 

As You Like It. xs. 6d. Richard the Third, as. 6d. 

A Midsummer Nighfs Dream, xs. 6d, Henry the Fifth, as. 
Twelfth Ni^ht.' xs.6d. Kingyohn. xs. 6d. 

Julius Cstsar. as. King Lear. xs. td. 

Henry the Eighth, as. 

Sbakespeare aa a Dramatic Arttst ; a popular UlustraHon of the 
Principles of Scietttific Criticism. By R. G. Moulton, M.A. [Cr. 8vo, 7*. 6d. 

Baoon. Advancement of Learning. Edited by W. Aldis Wright, 

D.CL. Third Edition. [Extra fcap. 8vo, 4f. &/. 

The Essays. Edited, with Introdnction and Illustrative Notes, 

by S. H. Reynolds, MA. .... [Demy 8vo, half bounds i2«. 6d. 

Fuller. Wise Words and Quaint Counsels of Thonias Fuller. 
Selected and arranged, with a short sketch of the Author^s life, by Augustus 
Jessopp, D.D [Crown Svo, 6s. 

KUton. I. Areopagitica. With Introduction and Notes. By John 
W. Hales, M.A. Third Edition [Extra fcap. 8vo, 3X. 

II. Poems. Edited by R. C. Browne, M.A. In two 

Volumes. Fifth Edition. 

[Extra fcap. Svo, 6;. tid. Sold separately. Vol. I. 4J., VoL II. 31. 

In paper covers : — 

LycidaSt yl. L* Allegro, ^ II Penseroso^ 4^ Comus, 6d. 

III. Paradise Lost. Book I. Edited with Notes, by H. C. 

Bbbching, M.A . . [Extra fcap. Svo, xs. 6d. In Parchment , 35. 6d. 

IV. Samson Agonistes. Edited, with Introduction and Notes, 

by John Churtom Collins, M.A . . [Extra fc^. Svo, stiff covers, xs. 

Bunyaxi. I. The Pilgrim's Progress, Grace Abounding, Relation of 
the Imprisonment of Mr. John Bunyan. Edited by E. Venables, M.A. 

[Extra fcap. Svo, 3«. 6d. In Parchment, 4^. td. 

II. The Holy War, and the Heavenly Footman. Edited by Mabel 

Peacock. [Extra fcap. Svo, 3^. 6d. 

Clarendon. I. History of i?ie Rebellion. Book VI. Edited, with Intro- 
duction and Notes, by T. Arnold, M. A . . . [Extra fcap. Svo, 4^. 6d. 

II. Selections. Edited by G. Boyle, M.A., Dean of Salisbury. 

[Crown Svo, js. 6d. 

Dryden. Select Poems. (Stanzas on the Death of Oliver Cromwell ; 
Astreea Redux I Annus Mirabilis ; Absalom a$td Achitophel ; Religio Laid' 
The Hind and the Panther.) Edited by W. D. Christie, M.A. Fifth Edition 
Revised by C H. Firth, M.A .... [Extra fcap. Svo, 3*. 6d. 

Essay of Dramatic Poesy, Edited, with Notes, by T. Arnold, 

^•A [Extra fcap. Svo, 3X. 6d, 

Looke. Conduct of the Understanding. Edited, with Introdnction, 
Notes, &C., by T. Fowler, D.D. Third Edition. . [Extra fcap. 8vo, 2*. td. 
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Addison. Selections from Papers in the ' Spectator* By T. Arnold, 
M^ Sixtemth Thousand. . [Extra fcap. 8vo, 4s. 6d. in ParcJkment, 6s, 

8t«ele. Selected Essays from the Tatler^ Spectator^ and Gnardian, By 
Austin DoBSOM. . [Eztxafo^Svo, sf. lnFarckmettt,7S.6d. 

Swift. Selections from his Works, Edited, with Life, Introdnctions, 
and Notes, by Henry Craik. Vol. I [Crown 8vo, ^s, 6d. 

Pope. I. Essay on Man, Edited by Mark Pattison, B.D. Sixth 

Edition [Extra fcap. 8vo, xs. 6d. 

— — II. Satires and Epistles, By the same Editor. Second Edition, 

[Extra fcap. 8vo, 2s, 

Thomson. The Seasons, and the Castle of Indolence, Edited by 
J. LoGiB Robertson, M.A. [Extra fcap. 8vo, 4s. td, 

The Castle of Indolence. By the same Editor. Extra fcap. 8vo, m. td. 

Berkeley. Selections. With Introduction and Notes. ByA. C.Frasbr, 
LL.D. Fourth Edition, [Crown Svo, 8«. 61^ 

Jolinson. I. Rasselas, Edited, with Introduction and Notes, by 
G. BiRKBBCK Hill, D.CL. 

[Extra fcap. Svo, UmPt 9S. ; Bevelled Bomrds, y.6d. ; in Parchmentf is.6d. 

II. Rasselas; Lives of Dryden and Pope. Edited by 

Alfred Milnes, M.A. [Extra fcap. Svo, 45. 6d. 

Lives of Dryden and Pope, . . [Sti^ covers, as. 6d. 

III. Life of Milton, Edited, with Notes, &c., by C. H. 

FntTH, M.A. . . [Extra fc^K Svo, stiff'' covers, is. 6d. ; cloth, as. 6d, 

IV. Vanity of Human Wishes. With Notes, by E. J. 

Paynb, M.A [Pa^er covers, id. 

Oxay. Selected Poems, Edited by Edmund Gosss, M.A. 

[In Parthtnent, 3s, 

The same, together with Supplementary Notes for Schools. By 

Foster Watson, M.A [Extra fcap. Svo, st^ covers, xs. 6d. 

— — Elegy, and Ode on Eton College, , . . {.Paper covers, ^. 

GoldsmitlL. Selected Poems, Edited, with Introduction and Notes, by 
Austin Dobson . [Extra fcap. Svo, j/s. 6d In Parchment, 4J. 6d, 

The Traveller, Edited by G. B. Hill, D.CL. \SHff covers, xs. 

The Deserted Villc^, {Paper covers, 9d, 

Cowper. I. The Didactic Poems of \*i%2, with Selections firom the 
Minor Pieces, a.d. Z779-X7S3. Edited by H. T. GRiFFrni, B. A 

[Extra fcap. Svo, ^r. 

II. The Task, with Tirocinium, and Selections from the 

Minor Poems, a.d. z7S4~Z799. By the same Editor. [Ebctra fcap. Svo, 31. 

Bnrke. I. Thoughts on the Present Discontents ; the two Speeches on 
America. Edited by E. J. Payne, M.A . . [Extra fcap. Svo,4f. ^d. 

II. Reflections on tho French Revolution, By the same 

Editor. Second Edition. [Extra fcap. Svo, 5^. 

■ III. Four Letters on tho Proposals for Peace with the 

Regicide Directory qf France, By the same Editor. [Extra fcap. Svo, St. 
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Bums. Selected Poems. Edited by J. Logib Robertson, M.A. 

[Crown 8vo, 6f . 

Seats. Hyperion, Book I. With Notes, by W. T. Arnold, B.A. 4^?. 

Byron. Childe Harold, With Introduction and Notes, by H. F. Tozer, 
M.A. [Extra fcap. 8vo, 3^. 6d In Parchmentt ss, 

Slielley. Adonais, With Introduction and Notes. By W. M. 
RosSETTi. [Crown 8vo, $s, 

Soott. Lady of the Lake. Edited, with Pre£ax% and Notes, by 
W. MiNTO, M.A. With Map [Extra fcap. 8vo, 35. 6d. 

Lay of the Last Minstrel, Edited by W. Minto, M.A. With 

Map. • . . [Extra fcap. 8vo, stiff cavers, 2s. In Parckmeni, 3«. 6d. 

Lay of the Last MinstreL Introduction and Canto I, with 

Preface and Notes, by W. MiNTO, M.A [Pa^ercoverSf6d, 

Marmion. Edited by T. Bayne. . [Extra fcap. 8vo, 3^. dd, 

Campbell. Gertrude of Wyoming, Edited, with Introduction and Notes, 
by H. Macaulay Fitzgibbon, M.A. Second Edition ; [Extra fcap. 8vo, xs, 

Wordswortli. The White Doe of Rylstone. Edited by William 
Knight, LL.D., University of St. Andrews. . . [Extra fcap. 8vo, 2^. 6d, 



Typical Selections from the best English Writers, Second Edition, 
In Two Volumes.' [Extra fcap. 8vo, 3^. td, each. 



HISTORY AND GEOGBAFHY, asc. 

Freeman. A Short History of the Norman Conquest of England, 
By E. A. Freeman, M.A. Second Edition. , , [Extra fcap. 8vo, 3X. 6d, 

O-resweU. History of the Dominion of Canada, By W. Parr 
Greswell, M.A. [Crown 8vo, ^s. 6d. 

Geography of the Dominion oj Canada and Newfoundland, By 

the same Author [Crown 8vo, ts. 

Geography of Africa South of the Zambesi. By the same 

Author. With Maps [Crown 8vo, 7^. 6</. 

Kuffliefl (Alfred). Geography for Schools, Part I, Prcutical Geography. 
With Diagrams. [Extra fcap. 8vo, ar. td. 

ZitcXiin. A History of France, With Numerous Maps, Plans, and 
Tables. By G. W. Kitchin, D.D., Dean of Winchester. Second Edition. 
Vol. I. To 1453. Vol. II. 1453-1694. Vol. III. X624-1793. Each 10*. td, 

Lucas. Introduction to a Historical Geography of the British Colonies, 
By C. P. Lucas, B.A. .... [Crown 8vo, with 8 maps, 49. td, 

Historical Geography of the British Colonies: — 

I. The Mediterranean and EcLstem Colonies (exclusive of India). 

[Crown 8vo, with xx maps, 51. 
II. The West Indian Dependencies, With Twelve Maps. 

[Crown 8vo, ^s. 6d, 
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MATHEMATICS AND PHYSICAL SCIENCE. 

Aldlfl. A Text Book of Algebra {with Answers to the Examples), By 
W. Steaomam Aldis, M.A. [Crown 8vo, 7^. 6d, 

Hamilton and Ball. Book-keeping, By Sir R. G. C. Hamilton, 
K.C.B., and John Ball (of the firm of Quilter, Ball, & Co.). New and 
Enlaryi^ed Edition. [Extra fcap. 8vo, aj. 

%* Ruled Exercise Books adapted to the above; fcap. folio, xs. 6d. Ruled 
Book adapted to the Preliminary Course ; small 4to, ^, 

Kensleyi Figures made Easy : a first Arithmetic Book, By Lewis 
Hbnslby, M.A. [Crown 8vo, 6d, 

Answers to the Examples in Figures made Easy, By the 

same Author [Q-own Svo, if. 

The Scholat^s Arithmetic, By the same Author. 

[Crown Svo, 9S, 6d. 

— ^— Answers to the Examples in the Scholar's Arithmetic. By 
the same Author. [Crown Svo, xs, 6d. 

The Scholar's Algebra, An Introductoiy work on Algebra. 

By the same Author. [Crown Svo, ax. 6d. 

Mincliin. Hydrostatics and Elementary Hydrokinetics. By G. M. 
MiNCHiN, M.A. [Crown Svo, 10s. 6d, 

Selby. Elementary Mechanics of Solids and Fluids, By A. L. Selby, 
M.A [Crown Svo, 7*. td. 

Vixon. Euclid Revised, Containing the essentials of the Elements of 
Plane Geometry as given by Euclid in his First Six Books. Edited by R. C. J. 
Nixon, M.A. Second Edition [Crown Svo, €s. 

May likewise be had in parts as follows : — 

Book I, XX. Books I, II, \s. 6d. Books I-IV, y. Books V, VI, 3X. 

— ^— Supplement to Euclid Revised, By the same Author. [StiJ^^ 6d, 

Geometry in Space, Containing parts of Euclid's Eleventh 

and Twelfth Books. By the same Author. . . . [Crown Svo, 3X. 6d, 

^— Elementary Plane Trigonometry; that is, Plane Trigonometry 
without Imaginaries. By the same Author . . . [Crown Svo, is. td, 

Fisher. Class-Book of Chemistry, By W. W. Fisher, M.A., F.C.S. 

Second Edition [Crown Svo, ^r. 6d, 

Karoouxt and Madaa. Exercises in Practical Chemistry, Vol. I. 
Elementary Exercises. By A. G. Vernon Harcourt, M.A., and H. G. 
Maoan, M.A. Fourth Edition, Revised by H. G. Madan, M.A. 

[Crown Svo, xox. 6d, 

WiUiaiuson. Chemistry for Students, By A. W. Williamson, 
PhiL Doc, F.R.S [Extra fcap. Svo, 8x. td. 
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Fowler. The Elements of Dedtutive Logic, designed mainly for the 
use of Junior Students in the Universities. By T. Fowler, D.D. Ninth 
Edition, with a Collection of Examples. Extra fcap. 8vo, 3^. tuL 

The Elements of Ittductive Logic, designed mainly for the 



use of Students in the Universities. Fifth Edition, Extra fcap. 8vo, 6f. 

Knllah. The Cultivation of the Speaking Voice, By John Hullah. 

[Extra fcap. 8vo, ar. 6d, 

Kaclaren. A System of Physical EduccUion: Theoretical and Prac- 
tical. With 346 Illustrations drawn by A. Mace^mald, of the Oxford School of 
Art. By Archibald Maclarbn, the Gymnasium. Oxf(»-d. Second Ediiion. 

[Extra fcap. 8vo, ^s. 6d. 

Trontbeok and Dale. A Music Primer for Schools. By J. Trout- 
BBCK, D.D., formerly Music Master in Westminster School, and R. F. Dalb, 
M. A., B.Mus., late Assistant Master in Westminster School. [Crown 8vo, ts. 6d. 

Tyrwhltt. A Handbook of Pictorial Art. By R. St. J. Tyrwhitt, 
M.A. With coloured Illustrations, Photographs, and a chapter on Perspective, 
by A. Macdonald. Second Edition. , . . [8vo, half-morocco, tZs. 

Upcott. An Introduction to Greek Sculpture. By L. £. Upcott, 
M.A. [Crown 8vo, 4^. 6d. 



Student's Handbook to the University and Colleges of Oxford. 
Twelfth Edition. [Crown 8vo, a*. 6d. 



Kelps to the Btndy of the Bible, taken from the Oxford Bible for 
Teachers. Comprising Summaries of the several Books, with copious Explanatory 
Notes and Tables iuustrative of Scripture Histoiy and the Characteristics of 
Bible Lands ; with a complete Index of Subjects, a Concordance, a Dictionary of 
Proper Names, and a series of Maps. .... [Crown 8vo, 3^. td. 

Kelps to the Stndy of the Book of Common Prayer. Being a 
Companion to Church Worship [Crown 8vo, 3^ . 6d. 
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F B E N c H. 

Bxaoh«t. Etymological Dictionary of the French Language, with a 
Preface on the Principles of French Etymology. Translated into English fay 
G. W. KiTCHiN, D.D., Dean of Winchester. Third Edition, [Crown 8vo, 7*. td. 



Historical Grammar of the French Language. Translated 

mto English by G. W. Kitchin, D.D. FauHh Edition. 

[Extra fcap. 8vo, 31. &^. 

Salntelmzy. Primer of French Literature, By George Saints- 
BUKT, M. A. Second Edition. [Extra fcap. 8vo, af . 

Short History of French Literature. By the same Anthor. 

[Crown 8vo, lof. td. 

Specimens of French Literature^ from Villon to Hugo. By 

the same Author. [Crown 8vo, gf . 

Toynbee. Specitnens of Old French {ix-xv centuries). With Intro- 
duction, Notes, and Glossary. By Paget Toynbee, M.A. [Crown 8vo, 16*. 

♦ » 

Beaninarohaifl. Le Barbier de Siville. With Introdnction and Notes 
by Austin Dobson [Extra fcap. 8vo, ax. td. 

BlonSt. VJ^loquence de la Chaire et de la Tribune Fran^aises. 
Edited by Paul BlouHt, B.A. (Univ. Gallic.) Vol. I. French Sacred Oratory. 

[Extra fcap. 8vo, ar. €d. 

Comellle. Horace, With Introduction and Notes by George 
Saintsbury, M^ [Extra fcap. Svo, ar. td. 

Cinna, With Notes, Glossary, &c. By Gustave Masson, 

BA. [Extra fcap. 8vo, ii^ covers^ is, 6d, cloth^ a«. 

ChMitier (Th^ophile). . Scenes of Travel. Selected and Edited by 
G. Sahttsburt, M.A [Extra fcap. 8vo, a^. 

Maason. Louis XIV and his Contemporaries ; as described in Ex- 
tracts from the best Memoirs of the Seventeenth Century. With English Notes, 
Genealogical Tables, && By Gustavb Masson, BA. [Extra fcap. 8vo, a«. 6<£ 

Molidre. Les Pricieuses Ridicules. With Introduction and Notes by 
Andrew Lang, M.A. [Extra fcap. 8vo, xx. td, 

Les Femmes Savantes. With Notes, Glossary, &c. By 

Gustavx Masson. B.A. [Extra fcap. 8to, stiff covers^ is. 6d. clotht a«. 
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MoUdre. Le Misanthrope, Edited by H. W. Gegg Markheim, 
M.A. [Extra fcap. 8vo, 3«. 6d. 

Les Fourberies de Scapin, With Voltaire's Life of Moli^e. 

By Gust AVE Masson» B.A. . . [Extra fo^ 8vo, iiiffcotfers, js. 6d, 



Les Fourberies de Scapin. \ With Voltaire's Life of MoK^re. By 

( GusTAVE Masson, B.A. 
Baoine. Aihalte, ) [Extra fcap. 8vo, ax. 6d. 

MnsBttt. On ne badine pas avec P Amour, and Fantasia. With 
Introdnction, Notes, &&, by Walter Hesries Poluxik. [Extra fcap. 8vo, 3X. 



Zavlm; de Malstre. Voyage autour de ma Chambre. 
Madame de Dvzas. Ourika. 
Brokmaim-Chatriaii. Z^ Vieux TaiUeur, 
Alfired de Tiffny. La VeilUe de Vincennes. 
Bdmond AlM>iit. LesJumeauxdeVHdtelComeille 
Bodolphe TApifer. Misaventures d^un £colier. 

Voyage autour de ma Chambre, separately , limp, is. 6d. 



By Gustave 
Masson»B.A., 

y 7rd Edition. 

' Ext. fcap. 8vo, 
as. 6d. 



Perranlt. Popular Tales. Edited, with an Introduction on J'airy 
Tales, &C., by Andrew Lang, M.A. . [Extra fc^^Svo, $s. 6d. 

Qninet. Lettres h sa Mire. Edited by G. SaintsbuIly, M.A. 

[Extra fcap. 8vo, as. 
Baeine. Esther. Edited by G. Saintsbury, M.A. [Extra fcap. 8vo, 2s. 

Baoine. Andromaque. \ with Louis Radne's Life of his Father. By 
CorneUle. Le Menteur. \ Gustave Masson, B.A. [Extra fc^. Svo, 2*. &/. 



. Lejoueur. ) By Gustave Masson, B. A. 

Brueys and Palaprat. Le Grondeur. i t^*^ ^^ap. 8vo, «. 6d. 

Balnte-BeuTe. Selections from the Causeries du Lundi. Edited by 
G. Saintsbury, M.A. [Extra fcap. 8vo, a*. 

S^Tign^. Selections from the Correspondence oflMaAaaaoA de 86vlgn6 

and her chief Contemporaries. Intended more especially for Girls' Schools. By 
Gustave Masson, B. A. [Extra fcap. 8vo, 3/. 

▼oltaire. Mirope. Edited by G. Saintsbury^ M.A. [Extra fcap. 8vo,m. 
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Dante. Selections from the * Inferno^ With Introduction and Notes, 

by H. B. CoTTERiLL, B. A. [Extra fcap. Svo, 4*. ^d. 

880. La Gerusalemme Liberata. Cantos i, ii. With Introduction 
and Notes, by the same Editor [Extra fcap. Svo. m. 6</. 
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G E B M A N» ftc. 

BnohlLAiiii. Modem German Reader, A Gradnated Collection of 
Extracts in Prose and Poetry from Modem German Writers. Edited by C. A. 
BucHHEiM, Phil. Doc 

Part I. With English Notes, a Grammatical Appendix, and a complete 
Vocabulary. Fourth Edition, .... [Extra fcap. 8vo, af . 6d. 

Part II. With English Notes and an Index. [Extra fcap. 8vo, u. 6d. 

German Poetry for Beginners, Edited, with Notes and Vo- 



cabulary, by Emma S. Buchhbim. .... [Extra fcap. 8vo, aj. 

laaLg%, The Germans at Home ; a Practical Introduction to German 
Conversation, with an Appendix containing the Essentials of German Grammar. 
By Hermann Langb. Third Edition, [Svo, zr. td» 

^— The German Manual ; a German Grammar, a Reading 
Book, and a Handbook of German Conversation. By the same Author. 

[Svo, ^s. 6d. 

A Grammar of the German Language^ being a reprint of the 



Grammar contained in The German Manual. By the same Author. [Svo, 3* . 6d, 
German Composition ; a Theoretical and Practical Guide to 



the Art of Translating English Prose into German. By the same Author. 
Second Edition f Svo, \s. 6d. 

[A Key to the edwve, price 5^.] 



German Spelling: A Synopsis of the Changes which it has 

undergone through the Government Regulations of 1880 . [Paper cover ^ 6d. 



Becker's Friedzloli der Orosse. With an Historical ^etch 
of the Rise of Prussia and of the Times of Frederick the Great. With Map. 
Edited by C. A. Buchheim, Phil. Doc . . [Extra fcap. Svo, 3^. 6d, 

Chamieeo. Peter Schlemihl's Wundersame Geschichte, With Notes 
and Vocabulary. By Emma S. Buchheim. . . . [Extra fcap. Svo, af . 

OoetlLe. Egmont, With a Life of Goethe, &c. Edited by C. A. 
Buchheim, Phil. Doc Third Edition, .... [Extra fcap. Svo, 3«. 

Iphigenie auf Tauris. A Drama. With a Critical Intro- 
duction and Notes. Edited by C A. Buchheim, Phil. Doc. Third Edition. 

[Extra fcap. Svo, 31. 

Beine'e Harzreise, With a Life of Heine, &c. Edited by C. A. 
Buchheim, Phil. Doc [Extra fcap. Svo, cloth^ af. &/. 

Prosa, being Selections from his Prose Works. Edited with 

English Notes, &c., by C A Buchheim, Phil. Doc. [Extra fcap. Svo, 4s. 6d. 

Laokoon. With Notes, &c. By A. Hamann, Phil. Doc., 
M. A. Revised, with an Introduction, by L. E. Ufcott, M A 

[Extra fcap. Svo, 4s. td. 

Minna von Bamhelm, A Comedy. With a Life of Lessing, 



Critical Analysis, Complete Commentary, &c Edited by C A Buchheim, 
Phil. Doc. Fifth Edition, [Extra fcap. Svo, 3*. (>d, 

Nathan der Weise. With English Notes, &c. Edited by 



C. A. Buchheim, Phil. Doc. Second Edition, . tExtra fcap. Svo, 4s. 6d, 
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Wimtfahx'm Griechische fferom-Gtschichten. Tales of Greek Heroes. 
Edited with English Notes and a Vocabulary, by Emma S. Buchhbim. 

Edition A. Text in German Type. . [Extra fcap. 8vo» stiff, is. 6d., 
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LiCHTEMSTBIM. 3 VOls. [CrOWU 8vO. 3X«. 

Wriffht. An Old High German Primer. With Grammar, Notes, 
and Glossary. By Joseph Wright, Ph.D. . . [Extra fcap. 8vo, 3^ . 6d. 

A Middle High German Primer. With Granmiar, Notes, 

and Glossary. By Joseph Wright, Ph.D. [Extra fcap. 8vo, 3*. 6d. 
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Robinson Elxjs, AtM [Extra leap. 9ro, js. 6d. 

Cioezo. Selectionof Interesting and Descriptive Passages. With Notes. 
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